Higher Mathematics

Wave Function - Solutions

Marks are indicated in brackets after each question number

2013 Paper 1 Question 23, (4) (2)

a) Let+/3sinx — cosx = k sin(x —a) = ksinx cosa — k cos x sina
= kcosasinx — ksina cos x

By inspection we have V3 = k cosa and 1 = k sina

k = /(\/§)Z+12=2

ksina _ 1 — tana
kcosa 3

Giving a = 30° by exact values.
Since we want a to be such that both sin a and cos a are positive, by CAST,

a must be in quadrant 1. So, 30° is correct.

So,V3sinx — cosx = 2 sin(x — 30)°

b) 4 + 5cosx — 5v3sinx = 4 — 5(/3 sinx — cos x)
=4 —5-2sin(x — 30) from a)
=4 —10sin(x — 30)
= —10sin(x —30) + 4
—10sin(x — 30) has a maximum value of 10.

So, —10sin(x — 30) + 4 has a maximum value of 14.

2014 Paper 1 Question 4, (2)

Let 3sinx — 4 cosx = k cos(x —a)
= kcosxcosa+ ksinxsina
=kcosacosx + ksinasinx

By inspection 3 = ksina and —4 = k cosa
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2015 Paper 2 Question 9, (8)

Let 36 sin(1.5t) — 15 cos(1.5t) = ksin(1.5t — a)
= k sin(1.5t) cosa — k cos(1.5t) sina
= k cos asin(1.5t) — k sin a cos(1.5t)

By inspection we have 36 = k cos a and 15 = k sina

k= /362 + 152 = 39

ksina _ 15_t
kcosa 36 ana

a=tan™?! (;—2) = 0.39radians  (confirm the correct quadrant using CAST)

So, 36 sin(1.5t) — 15 cos(1.5t) = 39sin(1.5t — 0.39)

h = 36sin(1.5t) — 15 cos(1.5t) + 65
= 39sin(1.5¢t — 0.39) + 65 (from above)

Let h = 100 to give
100 = 39sin(1.5¢t — 0.39) + 65
35 = 39sin(1.5¢t — 0.39)

32 i 1.5¢ - 0.39
39—sm(. .39)

1.5t — 0.39 = sin~ ! (2—3) = 1.11 radians

1.5t=151¢t=1

Second solution for% = sin(1.5¢ — 0.39) is given by

m — 1.11 = 2.03 radians, so
1.5t — 0.39 = 2.03
t=1.61

So, the solutions are t = 1 second and t = 1.61 seconds.

my guy.com



2016 Paper 2 Question 8, (4) (4)

a) Let5cosx — 2sinx = k cos(x + a)
= kcosxcosa— ksinasinx
= kcosacosx — ksinasinx

By inspection k cosa = 5 and ksina = 2

k=57 ¥ 2% =I5

ksina 2
=-=tana
kcosa 5

a=tan™?! (g) = 0.38 radians

So,5cosx — 2sinx = v29 cos(x + 0.38)

b) Equating the line and curve gives
10+ 5cosx — 2sinx = 12
S5cosx —2sinx =2

Using the result from part a) we have

V29 cos(x + 0.38) = 2

cos(x + 0.38) = 2

V29
First solution
_ -1, 2
x +0.38 = cos (m)
x +0.38=1.19

x = 0.81 radians

Second solution
x +0.38 =27 — 0.81

x = 4.71 radians
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2017 Paper 1 Question 14, (4) (3)

a) Let+/3sinx — cos x = k sin(x — a)
=ksinxcosa — kcosxsina

=k cosasinx — k sina cos x

By inspection /3 = kcosaand 1 = ksina

k= /(\/§)Z+12=2

ksina 1 .
kcosa +3 and
a=tan™! (\/%) = 30° (Confirm this is in the correct quadrant using CAST)

So, /3 sinx — cos x = 2sin(x — 30)°

b) Since V3 sinx — cos x = 2 sin(x — 30)° the graph of y = /3 sinx — cos x is the same
as the graph of y = 2 sin(x — 30).

y = 2sin(x — 30)°

30° 210°
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2018 Paper 2 Question 8, (4) (1) (2)
a) 2cosx —sinx = kcos(x —a)
=k cos x cosa + ksinxsina

= kcosacosx + ksinasinx

2=kcosa

—1 =ksina
k=y(-1)2+22=+5

tana = — ¢
2

1
tan™t (E) = 26.4°

From CAST a = 360 — 26.4 = 333.6°

2cosx —sinx = \/gcos(x —333.6)°

b) i) 6 cos x — 3 sinx = 3(2 cos x — sin x)

= 3+/5cos(x — 333.6)°
Considering the graph of this function gives a minimum value of —3+/5.

ii) 3v/5 cos(x — 333.6)° = —3+/5
cos(x —333.6)° = —1
x —333.6 = 180
x =180 + 333.6 = 513.4
x = 513.4 — 360 = 153.4°
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2019 Paper 2 Question 6, (4) (3)
a)2cosx — 3sinx = kcos (x + a)
= kcosxcosa —ksinxsina

=kcosacosx —ksinasinx

2=kcosa 3 =ksina
k =+22+32=+/13

3
—=tana
2

a = tan 1 (g) = 56.3° (Check that this is in the correct quadrant using CAST)

So,2cosx — 3sinx =+v13cos (x + 56.3)°

b) 2cosx — 3sinx =3
Using the result from a) gives

V13 cos (x +56.3)°=3

cos(x + 56.3) = =

V13
cos™1 (%) = 33.69°

Using CAST, solutions to cos(x + 56.3) = % should lie in quadrants 1 & 4

x +56.3 = 33.69
x = 33.69 —56.3 =—-22.61 which is not in the range 0 < x < 360°

But since Cosine repeats values every 360° we have a solution given by

x =—22.61+ 360 = 337.39°

x +56.3 =360—33.69
x =270°
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2022 Paper 2 Question 3, (4) (3)
a) 4sinx + 5cosx = ksin(x + a)
= ksinxcosa + k cosxsina
=k cos asinx + ksina cos x
Equating gives

kcosa=4and ksina =5
k = VAZ ¥ 52 = VAT

5
tana = -
4

a=tan~? (Z) — 0.896

So,4sinx + 5 cosx = V41 sin(x + 0.896)

b) 4sinx + 5cosx = 5.5

Using the result from part a) gives

V41 sin(x + 0.896) = 5.5

sin(x + 0.896) = %
in-1(22) =
sin (m) = 1.033

Using CAST we have r — 1.033 = 2.108

So,x + 0.896 = 1.033 and x + 0.896 = 2.108
Giving x = 0.137 and x = 1.212
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2023 Paper 2 Question 9, (4) (1) (2)
a) 7cosx — 3sinx = ksin(x + a)
= ksinxcosa+ k cosxsina

=kcosasinx + ksinacos x

cosa = —3

sina =7

k= J(—3)2+ 72 = V58
tana=_l3

tan~1 (g) = 66.8°

Using CAST a = 180 — 66.8 = 113.2°

7 cosx — 3sinx = V58sin(x + 113.2)°

b) i) 14 cosx — 6sinx = 2(7 cos x — 3sinx)
= 2V58sin(x + 113.2)°

The maximum value of this function is 2V 58.

ii) The maximum value for the Sine function occurs at x = 90°.
Since x + 113.2 is a translation of the graph to the left by 113.2° the point
is 90 — 113.2 = —23.2. But since this is outside the range the answer is given

by —23.2 + 360 = 336.8°.

2024 Paper 1 Question 11, (4) (3)
a) cos x + V3 sinx = k cos(x — a)
= kcosxcosa + ksinxsina

=k cosacosx + ksinasinx

kcosa=1andksina =3
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k = /12+(\/§)2=2

tana=?=\/§

Using CAST a = 60°
So, cos x + /3 sinx = 2 cos(x — 60)°

b) cos x + v/3 sinx = 2 cos(x — 60)°

So, we have to sketch the graph of y = 2 cos(x — 60)°

2025 Paper 2 Question 6, (4) (3)
a) 5cosx —9sinx = kcos(x + a)
=k cosxcosa — ksinxsina

= kcosacosx —ksinasinx

kcosa=5and ksina =9

k = /52 + 92 = /106

— 2 givi — -1(2)\ =
tana = _givinga = tan (5) = 1.06

So,5cosx —9sinx =106 cos(x + 1.06)
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b) 5cosx —9sinx =7
V106 cos(x +1.06) =7

cos(x + 1.06) = L

V106
cos 1 (ﬁ) = 0.82

So,x + 1.06 = 0.82 giving x = 0.82 — 1.06 = —0.24
—0.24 is outside of the range of values. However, we can add 2 to give

x=-0.24+2m = 6.04

Using CAST we have 2m — 0.82 = 5.46
x +1.06 = 5.46
x=546—-1.06=44

2026 Paper 2 Question 13, (4) (3)

a) 2sinx — 7 cosx = k sin(x — a)
= ksinxcosa — kcosxsina

=k cosasinx — k sinacos x

kcosa =2 and —k sina = —7 giving k sina = 7

k=VZT 7% = 53

tana = -
2
tan™?! (%) = 74°

Using CAST a = 74°

So, 2sinx — 7 cos x = V53 sin(x — 74)°
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b) Equate the two functions to give
2sinx —7cosx =3

V53sin(x — 74) = 3

sin(x —74) = %

sin~1 (%) = 24.34°

From CAST we also have a solution given by 180 — 24.34 = 155.66°

x — 74 =2434giving x = 2434+ 74 =98.34°

x — 74 = 155.66 giving x = 155.66 + 74 = 229.66°

From the diagram it is clear that neither of these are the x co-ordinate of P so we
Have to subtract the period of the Sine function, 180°, to give:

x = 229.66 — 360 = —130.34°

So, P = (—130.34,3)

my guy.com




   3  sin ⁡  x −  cos ⁡  x = k  sin ⁡   ( x − a ) = k  sin ⁡  x  cos ⁡  a − k  cos ⁡  x  sin ⁡  a


  = k  cos ⁡  a  sin ⁡  x − k  sin ⁡  a  cos ⁡  x


   3 = k  cos ⁡  a


  1 = k  sin ⁡  a


  k =    (  3 ) 2 +  1 2 = 2


    k  sin ⁡  a  k  cos ⁡  a =  1   3 =  tan ⁡  a


  a = 30 °


  a


   sin ⁡  a


   cos ⁡  a


  a  


  30 °


   3  sin ⁡  x −  cos ⁡  x = 2  sin ⁡   ( x − 30 ) °


  4 + 5  cos ⁡  x − 5  3  sin ⁡  x = 4 − 5 (  3  sin ⁡  x −  cos ⁡  x )


  = 4 − 5 ∙ 2  sin ⁡  ( x − 30 )


  = 4 − 10  sin ⁡  ( x − 30 )


  = − 10  sin ⁡   ( x − 30 ) + 4


  − 10  sin ⁡  ( x − 30 )


  − 10  sin ⁡   ( x − 30 ) + 4


  3  sin ⁡  x − 4  cos ⁡  x = k  cos ⁡  ( x − a )


  = k  cos ⁡  x  cos ⁡  a + k  sin ⁡  x  sin ⁡  a


  = k  cos ⁡  a  cos ⁡  x + k  sin ⁡  a  sin ⁡  x


  3 = k  sin ⁡  a


  − 4 = k  cos ⁡  a


  36  sin ⁡   ( 1 . 5 t ) − 15  cos ⁡   ( 1 . 5 t ) = k  sin ⁡  ( 1 . 5 t − a )


  = k  sin ⁡   ( 1 . 5 t )  cos ⁡  a − k  cos ⁡   ( 1 . 5 t )  sin ⁡  a


  = k  cos ⁡  a  sin ⁡   ( 1 . 5 t ) − k  sin ⁡  a  cos ⁡  ( 1 . 5 t )


  36 = k  cos ⁡  a


  15 = k  sin ⁡  a  


  k =   36 2 +  15 2 = 39


    k  sin ⁡  a  k  cos ⁡  a   =  15 36 =  tan ⁡  a


  a =   t a n  − 1    (  15 36 ) = 0 . 39  


  36  sin ⁡   ( 1 . 5 t ) − 15  cos ⁡   ( 1 . 5 t ) = 39  sin ⁡  ( 1 . 5 t − 0 . 39 )


  h = 36  sin ⁡   ( 1 . 5 t ) − 15  cos ⁡   ( 1 . 5 t ) + 65


  = 39  sin ⁡  ( 1 . 5 t − 0 . 39 ) + 65


  h = 100


  100 = 39  sin ⁡  ( 1 . 5 t − 0 . 39 ) + 65


  35 = 39  sin ⁡  ( 1 . 5 t − 0 . 39 )


  35 = 39  sin ⁡  ( 1 . 5 t − 0 . 39 )


   35 39 =  sin ⁡  ( 1 . 5 t − 0 . 39 )


   35 39 =  sin ⁡  ( 1 . 5 t − 0 . 39 )


  1 . 5 t − 0 . 39 =  sin  − 1  (  35 39 ) = 1 . 11


  1 . 5 t = 1 . 5


  t = 1


   35 39 =  sin ⁡  ( 1 . 5 t − 0 . 39 )


  𝜋 − 1 . 11 = 2 . 03  


  1 . 5 t − 0 . 39 = 2 . 03


  t = 1 . 61


  t = 1 . 61


  t = 1


  t = 1 . 61


  5  cos ⁡  x − 2  sin ⁡  x = k  cos ⁡  ( x + a )


  = k  cos ⁡  x  cos ⁡  a − k  sin ⁡  a  sin ⁡  x


  = k  cos ⁡  a  cos ⁡  x − k  sin ⁡  a  sin ⁡  x


  k  cos ⁡  a = 5


  k  sin ⁡  a = 2


  k =   5 2 +  2 2 =  29


    k  sin ⁡  a  k  cos ⁡  a =  2 5 =  tan ⁡  a


  a =   t a n  − 1  (  2 5 ) = 0 . 38


  5  cos ⁡  x − 2  sin ⁡  x =  29  cos ⁡  ( x + 0 . 38 )


  10 + 5  cos ⁡  x − 2  sin ⁡  x = 12


  5  cos ⁡  x − 2  sin ⁡  x = 2


   29  cos ⁡  ( x + 0 . 38 ) = 2


   cos ⁡   ( x + 0 . 38 ) =  2   29


  x + 0 . 38 =   c o s  − 1 (  2   29 )


  x + 0 . 38 = 1 . 19


  x = 0 . 81


  x + 0 . 38 = 2 𝜋 − 0 . 81


  x = 4 . 71


   3  sin ⁡  x −  cos ⁡  x = k  sin ⁡   ( x − a )


  = k  sin ⁡  x  cos ⁡  a − k  cos ⁡  x  sin ⁡  a


  = k  cos ⁡  a  sin ⁡  x − k  sin ⁡  a  cos ⁡  x  


   3 = k  cos ⁡  a


  1 = k  sin ⁡  a


  k =    (  3 ) 2 +  1 2 = 2


    k  sin ⁡  a  k  cos ⁡  a =  1   3 =  tan ⁡  a


    k  sin ⁡  a  k  cos ⁡  a =  1   3 =  tan ⁡  a


  a =   t a n  − 1  (  1   3 ) = 30 °


   3  sin ⁡  x −  cos ⁡  x = 2  sin ⁡   ( x − 30 ) °


   3  sin ⁡  x −  cos ⁡  x = 2  sin ⁡   ( x − 30 ) °


  y =  3  sin ⁡  x −  cos ⁡  x


  y = 2  sin ⁡  ( x − 30 )


  y = 2  sin ⁡  ( x − 30 ) °


  2  cos ⁡  x −  sin ⁡  x = k  cos ⁡  ( x − a )


  = k   c o s   x  cos ⁡  a + k  sin ⁡  x  sin ⁡  a


  = k  cos ⁡  a  cos ⁡  x + k  sin ⁡  a  sin ⁡  x


  2 = k  cos ⁡  a


  − 1 = k  sin ⁡  a


  − 1 = k  sin ⁡  a


  k =    ( − 1 ) 2 +  2 2 =  5


   tan ⁡  a = −  1 2


    t a n  − 1  (  1 2 ) = 26 . 4 °


    t a n  − 1  (  1 2 ) = 26 . 4 °


  a = 360 − 26 . 4 = 333 . 6 °


  2  cos ⁡  x −  sin ⁡  x =  5  cos ⁡  ( x − 333 . 6 ) °


  6  cos ⁡  x − 3  sin ⁡  x = 3 ( 2  cos ⁡  x −  sin ⁡  x )


  = 3  5  cos ⁡  ( x − 333 . 6 ) °


  − 3  5


  3  5  cos ⁡  ( x − 333 . 6 ) ° = − 3  5


   cos ⁡  ( x − 333 . 6 ) ° = − 1


  x − 333 . 6 = 180


  x = 180 + 333 . 6 = 513 . 4


  x = 513 . 4 − 360 = 153 . 4 °


  2  cos ⁡  x − 3  sin ⁡  x = k  cos ⁡    ( x + a )


  = k  cos ⁡  x  cos ⁡  a − k  sin ⁡  x  sin ⁡  a  


  = k  cos ⁡  a  cos ⁡  x − k  sin ⁡  a  sin ⁡  x


  2 = k  cos ⁡  a


  3 = k  sin ⁡  a


  k =   2 2 +  3 2 =  13


   3 2 =  tan ⁡  a


  a =   t a n    − 1  (  3 2 ) = 56 . 3 °


  2  cos ⁡  x − 3  sin ⁡  x =  13  cos ⁡    ( x + 56 . 3 ) °


  2  cos ⁡  x − 3  sin ⁡  x = 3


   13  cos ⁡    ( x + 56 . 3 ) ° = 3


   cos ⁡   ( x + 56 . 3 ) =  3   13


    c o s  − 1  (  3   13 ) = 33 . 69 °


   cos ⁡   ( x + 56 . 3 ) =  3   13


  x + 56 . 3 = 33 . 69


  x = 33 . 69 − 56 . 3 = − 22 . 61


  0 ≤ x ≤ 360 °


  360 °


  x = − 22 . 61 + 360 = 337 . 39 °


  x + 56 . 3 = 360 − 33 . 69


  x = 270 °


  4  sin ⁡  x + 5  cos ⁡  x = k  sin ⁡  ( x + a )


  = k  sin ⁡  x  cos ⁡  a + k  cos ⁡  x  sin ⁡  a


  = k   c o s   a  sin ⁡  x + k  sin ⁡  a  cos ⁡  x


  k  cos ⁡  a = 4


  k  sin ⁡  a = 5


  k =   4 2 +  5 2 =  41


   tan ⁡  a =  5 4


  a =   t a n  − 1  (  5 4 ) = 0 . 896


  4  sin ⁡  x + 5  cos ⁡  x =    41   sin ⁡  ( x + 0 . 896 )


  4  sin ⁡  x + 5  cos ⁡  x = 5 . 5


     41   sin ⁡  ( x + 0 . 896 ) = 5 . 5


      sin ⁡  ( x + 0 . 896 ) =   5 . 5   41


    s i n  − 1  (   5 . 5   41 ) = 1 . 033


  𝜋 − 1 . 033 = 2 . 108


  x + 0 . 896 = 1 . 033


  x + 0 . 896 = 2 . 108


  x = 0 . 137


  x = 1 . 212


  7  cos ⁡  x − 3  sin ⁡  x = k  sin ⁡  ( x + a )


  = k  sin ⁡  x  cos ⁡  a + k  cos ⁡  x  sin ⁡  a


  = k  cos ⁡  a  sin ⁡  x + k  sin ⁡  a  cos ⁡  x


   cos ⁡  a =   − 3


   sin ⁡  a = 7


  k =    ( − 3 ) 2 +  7 2 =  58


   tan ⁡  a =  7  − 3


    t a n  − 1  (  7 3 ) = 66 . 8 °


  a = 180 − 66 . 8 = 113 . 2 °


  7  cos ⁡  x − 3  sin ⁡  x =  58  sin ⁡  ( x + 113 . 2 ) °


  14  cos ⁡  x − 6  sin ⁡  x = 2 ( 7  cos ⁡  x − 3  sin ⁡  x )


  = 2  58  sin ⁡   ( x + 113 . 2 ) °


  2  58 .


  x = 90 °


  x + 113 . 2


  113 . 2 °


  90 − 113 . 2 = − 23 . 2


  − 23 . 2 + 360 = 336 . 8 °


   cos ⁡  x +  3  sin ⁡  x = k  cos ⁡  ( x − a )


  = k  cos ⁡  x  cos ⁡  a + k  sin ⁡  x  sin ⁡  a


  = k  cos ⁡  a  cos ⁡  x + k  sin ⁡  a  sin ⁡  x


  k  cos ⁡  a = 1


  k  sin ⁡  a =  3


  k =   1 2 +   (  3 ) 2 = 2


   tan ⁡  a =    3 1 =  3


  a = 60 °


   cos ⁡  x +  3  sin ⁡  x = 2  cos ⁡  ( x − 60 ) °


   cos ⁡  x +  3  sin ⁡  x = 2  cos ⁡  ( x − 60 ) °


  y = 2  cos ⁡  ( x − 60 ) °


  5  cos ⁡  x − 9  sin ⁡  x = k  cos ⁡  ( x + a )


  = k  cos ⁡  x  cos ⁡  a − k  sin ⁡  x  sin ⁡  a


  = k  cos ⁡  a  cos ⁡  x − k  sin ⁡  a  sin ⁡  x


  k  cos ⁡  a = 5


  k  sin ⁡  a = 9


  k =   5 2 +  9 2 =  106


   tan ⁡  a =  9 5


  a =   t a n  − 1  (  9 5 ) = 1 . 06


  5  cos ⁡  x − 9  sin ⁡  x =  106  cos ⁡  ( x + 1 . 06 )


  5  cos ⁡  x − 9  sin ⁡  x = 7


   106  cos ⁡  ( x + 1 . 06 ) = 7


   cos ⁡   ( x + 1 . 06 ) =  7   106


    c o s    − 1  (  7   106 ) = 0 . 82


  x + 1 . 06 = 0 . 82


  x = 0 . 82 − 1 . 06 = − 0 . 24


  − 0 . 24


  2 𝜋


  x = − 0 . 24 + 2 𝜋 = 6 . 04


  2 𝜋 − 0 . 82 = 5 . 46


  x + 1 . 06 = 5 . 46


  x = 5 . 46 − 1 . 06 = 4 . 4


  2  sin ⁡  x − 7  cos ⁡  x = k  sin ⁡  ( x − a )


  = k  sin ⁡  x  cos ⁡  a − k  cos ⁡  x  sin ⁡  a


  = k  cos ⁡  a  sin ⁡  x − k  sin ⁡  a  cos ⁡  x


  k  cos ⁡  a = 2


  − k  sin ⁡  a = − 7


  k  sin ⁡  a = 7


  k =   2 2 +  7 2 =  53


   tan ⁡  a =  7 2


    t a n  − 1  (  7 2 ) = 74 °


  a = 74 °


  2  sin ⁡  x − 7  cos ⁡  x =  53  sin ⁡  ( x − 74 ) °


  2  sin ⁡  x − 7  cos ⁡  x = 3


   53  sin ⁡   ( x − 74 ) = 3


   sin ⁡   ( x − 74 ) =  3   53


    s i n  − 1  (  3   53 ) = 24 . 34 °


  180 − 24 . 34 = 155 . 66 °


  x − 74 = 24 . 34


  x = 24 . 34 + 74 = 98 . 34 °


  x − 74 = 155 . 66


  x = 155 . 66 + 74 = 229 . 66 °


  x


  180 ° ,


  x = 229 . 66 − 360 = − 130 . 34 °


  P = ( − 130 . 34 ,   3 )

