Higher Mathematics

Integration - Solutions

Marks are indicated in brackets after each question number

2013 Paper 1 Question 7, (2)

fx(3x +2)dx

= f(3x2 + 2x) dx

=x3+x%+c

2013 Paper 1 Question 16, (2)
1

f(l — 6x) 2dx

1
(1 -6x)2

1 +c
5 (=6)

1 1
= —5(1—6x)2+c

2013 Paper 2 Question 6, (5)

a 10
f 5sin3x dx = —
0 3
[ 5 ] ]“_10
3cos xo— 3

5 5 10
(—Ecos 3a) — (—gcos 0) = ey

5 5 10
—§c053a+§=?
5 5
——c053a=§
cos3a =-1
T
3a=n,a=§

There are no other solutionsin0 <a<mw
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2014 Paper 1 Question 5, (2)

f(Zx +9)° dx

_(2x+9)°
=%z tC
2x +9)°
_@x+9)"

12 ¢

2014 Paper 2 Question 5, (5)
t 1
J Bx+4) 2dx=2
4
Using the reverse chain rule we have
2 17t
[— (3x + 4)2] =2
3 4
2 12 1
§(3t+4)2 —5(12 +4)2=2
- 3t+4 % 8 =2
3 ?-3=
Simplifying gives

1
(Bt+4)2=7
3t + 4 =49
t=15

2015 Paper 1 Question 12, (4)
37 n 3w
4 4 4
J (acos bx) dx = f (acos bx) dx + jn (acos bx) dx
0 0 T
4

1 1
=;-023)
. 37, L :
Note that since the part of the graph between % & Tn is under the x axis it has a negative

integral = —%.
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2015 Paper 2 Question 7, (2) (2) (2)

a) [(Bcos2x + 1) dx=§sin2x+x+c

b)3cos2x+1=3(cos?x—sin?x) +1
=3cos?x—3sin?x+1
Using cos 2x + sin?x = 1 to give
=3 cos?x—3sin? x + cos 2x + sin %x

=4cos?x—2sin?x

¢) [(sin?x — 2cos %x) dx
sinzx—2c052x=—%(4coszx—251n2x)
=—%(3c052x+1)
= —2cos2x —=
2 2
So, [(sin?x — 2cos %x) dx = f(—;cos 2x —%) dx

3 . 1
=—=-sin2x—-x+4+c¢
4 2

2016 Paper 1 Question 5, (2)

f 8cos(4x + 1) dx

8sin(4x + 1)
=—————+c
4
=2sin(4x+ 1)+ ¢

2016 Paper 2 Question 9, (4)

2x+1
Vx

FG) = f 1) dx

=f2f/; dx

— f 2x-1+1 dx

x2

f'x) =

1 1
= [(2xz + x72) dx
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4 3 1
=§x2+2x2+c

Since f(9) = 40 we have

4 3 1
4O=§x2+2x2+c

40=36+6+c

c=-2

4 3 1
So, f(x) = Jxt 2x2 — 2.

2017 Paper 1 Question 13, (4)
1
[—
(5—4x)2
1
= f(S —4x) 2dx

1
5—4x)2
5 (=4)
1 1

=—§(5—4x)2+c

2022 Paper 1 Question 6, (4)

fz (10 - 3x)_% dx
-5
10 - 3%)?

- (R

2

= (-3 (10 - 3022,

= [-5 a0 -3@7] - [~ 10 - 3¢-5)5¢]

[l [5
4 10
=373
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2022 Paper 2 Question 6, (5)
dy 3

7 = 1 [ 1 _ 3 -2

dx x? *

f1-3x2dx=x+3x"1+c

—x+24c
X

So,y=x+)3—c+c

Substitute (3, 6) to give

6=3 &

= +§+c

6=3+1+c

CcC =

y=x+3+2
X

2023 Paper 1 Question 6, (4)

f2x5 — 6vx dx

1
=fo5 — 6x2 dx

2x%  6x2
—T—T-I—c
2
x© 3
=?—4x2+c

2023 Paper 1 Question 11, (3) (1)

a) [z 5sinx — 3cosx dx
2

= [-5cos x — 3sinx]7

N

=[-5cosm — 3sinm| — [—5 cos = — 35in£]
2 2
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b) Shade the area between g and .

2023 Paper 2 Question 3, (2)

.f 7 cos (4x + g) dx

—Lsin (ax+ 3 +
—4sm(x 3) c

2023 Paper 2 Question 12, (4)

dy

— =8x3+3
Tx x° +

8x3 + 3 dx

8 sy
= 4 X C

=2x*+3x+¢
So,y =2x*+3x+¢

Substitute (—1, 3) to give
3=2(-D)*+3(-1)+c
3=2-3+c¢

c=4

So,y =2x*+3x+4

2024 Paper 2 Question 5, (3)

T

j7sin S5x dx
0

1 L
=[— £ Cos 5x]]

1 5w 1

=—§cos7—(—§c050)
= Leos2 4 Leos0 = 03246
=—gcos—+gcos0=0.
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2025 Paper 1 Question 3, (4)

12 1
— +x2 dx
X

1
=f12x"2+x7 dx

-1, 232
=—12x +3x2+c

12

2 3
= —— 4 —x2
X 3x

+c

2025 Paper 1 Question 12, (4)

f6cosx+85in2x dx
y = 6sinx — 4 cos 2x+candsubstitutey=4andx=gtogive
4= 6sin=—4c0s2(=) +

= sm6 cos (6) c

4= 6sins — 4 cos= +
= SIN— — 4 COS— C
e 3

oy 1)

So,y = 6sinx —4cos2x + 3

2025 Paper 2 Question 7, (2)
f(Bx +2) dx

_(Bx+2)°
3 x8

3x +2)8
_Bx+2)

24 ¢
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2026 Paper 1 Question 2, (4)

2 7
f(15x3 + F) dx

2
f 15x3 + 7x~% dx

s 7
3+—1x +c

2026 Paper 1 Question 10, (4)

T

.L§6sin (3x—g) dx

6

T

= [—-2cos (3x - g)]g

6
 —zcos (s~ [2eas(aCH )

=—2cos(n—g)+2cos(g—%)

= —2cos (g) + 2 cos(0)

=0+1

=1
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   ∫  x  ( 3 x + 2 )   d x


  =  ∫   ( 3   x 2 + 2 x )   d x


  =  ∫   ( 3   x 2 + 2 x )   d x


  =   x 3 +   x 2 + c


  =   x 3 +   x 2 + c


   ∫    ( 1 − 6 x )  −  1 2   d x


  =     ( 1 − 6 x )   1 2   1 2 ∙ ( − 6 ) + c


  =     ( 1 − 6 x )   1 2   1 2 ∙ ( − 6 ) + c


  = −  1 3    ( 1 − 6 x )   1 2 + c


  = −  1 3    ( 1 − 6 x )   1 2 + c


    ∫ 0  a  5  sin ⁡  3 x   d x =  10 3


     [ −  5 3  cos ⁡  3 x ] 0  a =  10 3


     [ −  5 3  cos ⁡  3 x ] 0  a =  10 3


  −  5 3  cos ⁡  3 a ) − ( −  5 3  cos ⁡  0 ) =  10 3


  −  5 3  cos ⁡  3 a +  5 3 =  10 3


  −  5 3  cos ⁡  3 a =  5 3


  −  5 3  cos ⁡  3 a =  5 3


   cos ⁡  3 a = − 1


  3 a = 𝜋 ,   a =   𝜋 3


  0 ≤ a < 𝜋


   ∫    ( 2 x + 9 ) 5   d x


  =     ( 2 x + 9 ) 6  6 ∙ 2 + c


  =     ( 2 x + 9 ) 6  6 ∙ 2 + c


  =     ( 2 x + 9 ) 6 12 + c


  =     ( 2 x + 9 ) 6 12 + c


    ∫ 4  t    ( 3 x + 4 )  −  1 2   d x = 2


     [  2 3   ( 3 x + 4 )   1 2 ] 4  t = 2


   2 3   ( 3 t + 4 )   1 2 −  2 3    ( 12 + 4 )   1 2 = 2


   2 3   ( 3 t + 4 )   1 2 −  2 3    ( 12 + 4 )   1 2 = 2


   2 3   ( 3 t + 4 )   1 2 −  8 3 = 2


   2 3   ( 3 t + 4 )   1 2 −  8 3 = 2


    ( 3 t + 4 )   1 2 = 7


  3 t + 4 = 49


  3 t + 4 = 49


  t = 15


  t = 15


    ∫ 0    3 𝜋 4   ( a  cos ⁡  b x )   d x =   ∫ 0    𝜋 4  ( a  cos ⁡  b x )   d x +   ∫    𝜋 4    3 𝜋 4  ( a  cos ⁡  b x )   d x


  =  1 2 − ( 2 ∙  1 2 )


    𝜋 4   &     3 𝜋 4


  = −  1 2


   ∫  ( 3  cos ⁡  2 x + 1 )   d x =  3 2  sin ⁡  2 x + x + c


  3  cos ⁡  2 x + 1 = 3    (   cos   2   x −   sin   2   x ) + 1


  = 3     cos   2   x − 3    sin    2   x + 1


    cos   2 x +  sin    2 x = 1


  = 3     cos   2   x − 3    sin    2   x +   cos   2 x +  sin    2 x


  = 4     cos   2   x − 2    sin    2   x


   ∫  (  sin    2 x − 2  cos    2 x )   d x


   sin    2 x − 2  cos    2 x = −  1 2 ( 4     cos   2   x − 2    sin    2   x )


  = −  1 2 ( 3  cos ⁡  2 x + 1 )


  = −  3 2  cos ⁡  2 x −  1 2


   ∫  (  sin    2 x − 2  cos    2 x )   d x =  ∫   ( −  3 2  cos ⁡  2 x −  1 2 ) d x


  = −  3 4  sin ⁡  2 x −  1 2 x + c


   ∫  8  cos ⁡   ( 4 x + 1 )   d x


  =   8  sin ⁡  ( 4 x + 1 ) 4 + c


  =   8  sin ⁡  ( 4 x + 1 ) 4 + c


  = 2  sin ⁡   ( 4 x + 1 ) + c  


  = 2  sin ⁡   ( 4 x + 1 ) + c  


    f ′  ( x ) =   2 x + 1   x


  f  ( x ) =  ∫    f ′  ( x )   d x


  f  ( x ) =  ∫    f ′  ( x )   d x


  =  ∫    2 x + 1   x   d x


  =  ∫    2 x + 1    x   1 2   d x


  =  ∫  ( 2   x   1 2 +   x  −  1 2 )   d x


  =  4 3   x   3 2 + 2   x   1 2 + c


  f  ( 9 ) = 40


  40 =  4 3   x   3 2 + 2   x   1 2 + c


  40 = 36 + 6 + c


  40 = 36 + 6 + c


  c = − 2


  f  ( x ) =    4 3   x   3 2 + 2   x   1 2 − 2


   ∫   1    ( 5 − 4 x )   1 2   d x


  =  ∫    ( 5 − 4 x )  −  1 2   d x


  =  ∫    ( 5 − 4 x )  −  1 2   d x


  =     ( 5 − 4 x )   1 2   1 2 ∙ ( − 4 ) + c


  =     ( 5 − 4 x )   1 2   1 2 ∙ ( − 4 ) + c


  = −  1 8    ( 5 − 4 x )   1 2 + c


  = −  1 8    ( 5 − 4 x )   1 2 + c


    ∫  − 5 2    ( 10 − 3 x )  −  1 2   d x


  =   [      ( 10 − 3 x )   1 2  −  3 2 ]  − 5 2


  =   [      ( 10 − 3 x )   1 2  −  3 2 ]  − 5 2


  =   [ −  2 3    ( 10 − 3 x )   1 2 ]  − 5 2


  =   [ −  2 3    ( 10 − 3 x )   1 2 ]  − 5 2


  =  [ −  2 3    ( 10 − 3 ( 2 ) )   1 2 ] −  [ −  2 3    ( 10 − 3 ( − 5 ) )   1 2 ]


  =  [ −  2 3    ( 10 − 3 ( 2 ) )   1 2 ] −  [ −  2 3    ( 10 − 3 ( − 5 ) )   1 2 ]


  =  [ −  2 3  4 ] −  [ −  2 3  25 ]


  =  [ −  2 3  4 ] −  [ −  2 3  25 ]


  = −  4 3 +  10 3


  = −  4 3 +  10 3


  = 2


  = 2


    d y  d x = 1 −  3    x 2 = 1 − 3   x  − 2


   ∫  1 − 3   x  − 2 d x = x + 3   x  − 1 + c


  = x +  3  x + c


  y = x +  3  x + c


  ( 3 ,   6 )


  6 = 3 +  3 3 + c


  6 = 3 + 1 + c


  6 = 3 + 1 + c


  c = 2


  c = 2


  y = x +  3  x + 2


   ∫  2   x 5 − 6  x   d x


  =  ∫  2   x 5 − 6   x   1 2   d x


  =  ∫  2   x 5 − 6   x   1 2   d x


  =   2   x 6 6 −   6   x   3 2   3 2 + c


  =   2   x 6 6 −   6   x   3 2   3 2 + c


  =     x 6 3 − 4   x   3 2 + c


  =     x 6 3 − 4   x   3 2 + c


    ∫    𝜋 2  𝜋  5  sin ⁡  x − 3  cos ⁡  x   d x


  =   [ − 5  cos ⁡  x − 3  sin ⁡  x ]    𝜋 2  𝜋


  =  [ − 5  cos ⁡  𝜋 − 3  sin ⁡  𝜋 ] −  [ − 5  cos ⁡    𝜋 2 − 3  sin ⁡    𝜋 2 ]


  =  [ 5 ] −  [ − 3 ]


  = 8


    𝜋 2


  𝜋 .


   ∫  7  cos ⁡   ( 4 x +   𝜋 3 ) d x


  =  7 4  sin ⁡    ( 4 x +   𝜋 3 ) + c


  =  7 4  sin ⁡    ( 4 x +   𝜋 3 ) + c


    d y  d x = 8   x 3 + 3


   ∫  8   x 3 + 3   d x


   ∫  8   x 3 + 3   d x


  =   8   x 4 4 + 3 x + c


  =   8   x 4 4 + 3 x + c


  = 2   x 4 + 3 x + c


  = 2   x 4 + 3 x + c


  y = 2   x 4 + 3 x + c


  ( − 1 ,   3 )


  3 = 2   ( − 1 ) 4 + 3 ( − 1 ) + c


  3 = 2 − 3 + c


  3 = 2 − 3 + c


  c = 4


  c = 4


  y = 2   x 4 + 3 x + 4


    ∫ 0    𝜋 7   sin ⁡  5 x d x


  =   [ −  1 5  cos ⁡  5 x ] 0    𝜋 7


  =   [ −  1 5  cos ⁡  5 x ] 0    𝜋 7


  = −  1 5  cos ⁡    5 𝜋 7 − ( −  1 5  cos ⁡  0 )


  = −  1 5  cos ⁡    5 𝜋 7 − ( −  1 5  cos ⁡  0 )


  = −  1 5  cos ⁡    5 𝜋 7 +  1 5  cos ⁡ 0 = 0 . 3246


  = −  1 5  cos ⁡    5 𝜋 7 +  1 5  cos ⁡ 0 = 0 . 3246


   ∫   12    x 2 +   x   1 2   d x


  =  ∫  12   x  − 2 +   x   1 2   d x


  =  ∫  12   x  − 2 +   x   1 2   d x


  = − 12   x  − 1 +  2 3   x   3 2 + c  


  = − 12   x  − 1 +  2 3   x   3 2 + c  


  = −  12  x +  2 3   x   3 2 + c


  = −  12  x +  2 3   x   3 2 + c


   ∫  6  cos ⁡  x + 8  sin ⁡  2 x   d x


  y = 6  sin ⁡  x − 4  cos ⁡  2 x + c


  y = 4


  x =   𝜋 6


  4 = 6  sin ⁡    𝜋 6 − 4  cos ⁡  2 (   𝜋 6 ) + c


  4 = 6  sin ⁡    𝜋 6 − 4  cos ⁡    𝜋 3 + c


  4 = 6  sin ⁡    𝜋 6 − 4  cos ⁡    𝜋 3 + c


  4 = 6  (  1 2 ) − 4  (  1 2 ) + c


  4 = 6  (  1 2 ) − 4  (  1 2 ) + c


  c = 3


  c = 3


  y = 6  sin ⁡  x − 4  cos ⁡  2 x + 3


   ∫    ( 3 x + 2 ) 7   d x


  =     ( 3 x + 2 ) 8  3   ×   8 + c


  =     ( 3 x + 2 ) 8  3   ×   8 + c


  =     ( 3 x + 2 ) 8 24 + c


  =     ( 3 x + 2 ) 8 24 + c


   ∫  ( 15   x   2 3 +  7    x 2 )   d x


   ∫  15   x   2 3 + 7   x  − 2   d x


   ∫  15   x   2 3 + 7   x  − 2   d x


  =  15   5 3   x   5 3 +  7  − 1   x  − 1 + c


  =  15   5 3   x   5 3 +  7  − 1   x  − 1 + c


  = 9   x   5 3 − 7   x  − 1 + c


  = 9   x   5 3 − 7   x  − 1 + c


  = 9   x   5 3 −  7  x + c


  = 9   x   5 3 −  7  x + c


    ∫    𝜋 6    𝜋 3  6  sin ⁡   ( 3 x −   𝜋 2 ) d x


  =   [ − 2  cos ⁡   ( 3 x −   𝜋 2 ) ]    𝜋 6    𝜋 3


  =   [ − 2  cos ⁡   ( 3 x −   𝜋 2 ) ]    𝜋 6    𝜋 3


  = − 2  cos ⁡   ( 3 (   𝜋 3 ) −   𝜋 2 ) − [ − 2  cos ⁡   ( 3 (   𝜋 6 ) −   𝜋 2 ) ]


  = − 2  cos ⁡   ( 3 (   𝜋 3 ) −   𝜋 2 ) − [ − 2  cos ⁡   ( 3 (   𝜋 6 ) −   𝜋 2 ) ]


  = − 2  cos ⁡   ( 𝜋 −   𝜋 2 ) + 2  cos ⁡   (   𝜋 2 −   𝜋 2 )


  = − 2  cos ⁡   ( 𝜋 −   𝜋 2 ) + 2  cos ⁡   (   𝜋 2 −   𝜋 2 )


  = − 2  cos ⁡   (   𝜋 2 ) + 2  cos ⁡   ( 0 )


  = − 2  cos ⁡   (   𝜋 2 ) + 2  cos ⁡   ( 0 )


  = 0 + 1


  = 0 + 1


  = 1


  = 1

