Higher Mathematics

Differentiation - Solutions

Marks are indicated in brackets after each question number

2013 Paper 1 Question 2, (2)

y=x*—4x+7

—=2x—-4

dx x

Gradient of tangentat (5,12) =2-5—-4=6

Usingy — b = m(x — a) gives
y—12=6(x—5)

y—12 =6x—-30

y =6x—28

2013 Paper 1 Question 18, (2)
y = sin(x? — 3)
é = cos(x? — 3) - 2x
= 2x cos(x? — 3)
2014 Paper 1 Question 8, (2)
1
Let f(x) = (4 —9x*)2

FG) =7 (4= 9x%) E - (~36x%)

1
= —18x3(4 — 9x*)2

2014 Paper 1 Question 9, (2)
This approach uses the derivative to find max values but there are other methods.

Let f(x) = 5sin2x + 5v3 cos 2x
f'(x) =10cos 2x — 10 sin 2x
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For maximum values f'(x) = 0
10cos2x —10sin2x =0
cos2x —sin2x =0

cos 2x = sin 2x

sin 2x
= = tan 2x

CcoS 2x

Vs

From exact values 2x = .
. s
So, the maximum value occurs where 2x = P

Substituting 2x = % gives

f(x)=551n%+5\/§cos§=§+175= 10

2014 Paper 2 Question 2, (4)

y=x*—-2x3+5

d
£= 4x3 — 6x°

Whenx = 2,2 =32-24=38

dx
So, the gradient of the tangent at x = 2 is 8.
Whenx =2,y =2*—-2-23+5=5

Usingy — b = m(x — a) with (2, 5) gives
y—5=8(x—-2)
Rearranging gives

y=8x-—11

2015 Paper 1 Question 2, (4)

y=2x3+3
dy

—Z = 6x?
dx x

Whenx = —2,% = 6+ (-2)2 = 24

dx
So, gradient of tangent at x = —2 is 24.
Whenx = -2,y =2-(-2)3+3=-13

So, (—2,—13) lies on the curve.
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Using y — b = m(x — a) we have
y—(=13) = =2(x — (=13))
y+13=-2x—-26
y=-—2x—39

2015 Paper 1 Question 7, (4)

2
f(x) =vx(3x _ﬁ)

1 2
=x2(3x ——)

xX-x2

1 2
=x2(3x ——)
X2

1 _3
=x2(3x — 2x 2)

3
=3xz —2x7 1
9 1 9 1 2
14 _ 5 -2 _ 5
f(x)—§x2+2x —§x2+F
,(4)_<9 2)+2_9+1_73
f 2 16 8 8

2016 Paper 1 Question 2, (3)
y = 12x3 + 8/x

1
y = 12x3 + 8x2

d 1
2 36x2 +4x72
dx

2016 Paper 2 Question 10, (2) (1)
1
a)y=(x*+7)

ay _ 12 Ly,
dx—z(x +7) 2-2x

1
=x(x>+7)2

X

- 1
(x2+7)2

X

T VxZ+7
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)f\/T
=4[ 7o dx

1
= 4(x% + 7)2 using the result from a)

2017 Paper 1 Question 3, (2)
y = (4x — 1)1?

dy
— =12(4x— 1) -4
P (4x — 1)

= 48(4x — 1)1

2017 Paper 1 Question 8, (3)

1 ¢t 1
- - - _ -1
d(t)_Zt 2 zt
1 1
! — _ —2=__
d'(t) = Zt T
) 1 1
dO)=-757 "5

So, the rate of change of d(t) whent = 5is — %.

2018 Paper 1 Question 3, (3)
h(x) = 3 cos(2x)
h'(x) = —65in(2x)

% (g) = —6sin (2x g)

= —65sin (g)
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2018 Paper 1 Question 7, (1) (3) (4)
a) (0,5)
b))y =x3-3x*+2x+5

D _ 352 _6x+2

dx

Megn = 3(0)% — 6(0) + 2
=2

y=2x+5

)2x+5=x3—-3x2+2x+5
x3—-3x2=0
x*(x—=3)=0
x=0,x=3

Whenx =3,y =(2x3)+5=11.GivingQ = (3,11).

2018 Paper 1 Question 15, (5)

Since (x + 4) is a factor, x = —4 is aroot.

Since x = 2 is a repeated root, (x — 2) is a repeated factor.

So, the equation of the function can be written f(x) = k(x + 4)(x — 2)(x — 2).
Since f'(—2) = 0, the graph has a stationary point at x = —2.

Considering all of the above information and assuming a k value (which cannot be

determined from the information) a possible graph is:
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2018 Paper 2 Question 3, (3)
fxX)=x3-7x—-6

f'(x) =3x2-7

f'@=5

Since f'(2) > 0, the function is increasing.

2018 Paper 2 Question 9, (6)

128
P(x) =2x+—
X
=2x + 128x71
128
P'(x) =2—128x2=2—"""
x

For minimum values, P'(x) =0

2x%2—128=0
x? = 64
x=-8x=28

Discard x = —8 since x cannot be negative

P'(x) - 0 +

Shape \ /

Substitute x = 8 to give

128
P(X):(2X8)+T
=16+16 =32
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2019 Paper 1 Question 1, (4)
1 4 3
y = Ex —2x°+6

dy
=2 3_62
Ix X X

2019 Paper 1 Question 6, (3)
_ 1

~ (1-3x)5

=(1-3x)"°

y

dy— - . —_—
= —51-307(-3)

= 15(1 —3x)~°

2022 Paper 1 Question 4, (3)

y=+x3—2x71
3
y=x2—2x"1
dy 3
—_ = —Xx2 -2
I 2x + 2x
dy 3 1 2
L = —_ 52 i
dx Zx +x2

2022 Paper 1 Question 12, (3)
f(x) =4sin(3x — %)
f'(x) =12cos(3x —g)
f' (E) =12 cos(B(E) —E)
6 6° 3
T T
=12 cos(z — §)

I
=12 cos(g)
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2023 Paper 1 Question 1, (3)

2023 Paper 2 Question 2, (4)

y = 2x° —3x
dy

= = 10x -3
dx x

Substitute x = 1 for gradient to givem = 10(1) —3 = 7.

Whenx =1,y = 2(1)°>-3(1) = -1
So, the point of tangency is (1, —1).

Usingy — b = m(x — a) with (1, —1) gives
y— (D =7kx-1)
y=7x—8

2023 Paper 2 Question 5, (3)
f) =@ -2x*
f'(x) =403 —2x)%- -2
= —8(3 — 2x)3
f'(4) =-83-2(%H)°
= —8(-5)°
= 1000
So, the rate of change is 1000.
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2023 Paper 2 Question 10, (4)

f(x) =2x3+9x? —24x+ 6

f'(x) = 6x% 4+ 18x — 24

Stationary points occur where f'(x) = 0 giving
6x%+18x—24=0

x*+3x—4=0

(x+4)(x-1)=0

x=—-4x=1

X -10 -4 0 1 10

J€9) + 0 — 0 +

Shape / - \ L /

So, the function is decreasing between —4 and 1, giving —4 < x < 1.

2024 Paper 1Question 3, (2)
y = (5x% + 3)7

dy _ 2 6
oo 7(5x° + 3)° x 10x

= 70x(5x? + 3)°

2024 Paper 1 Question 12, (4)
1
flx)=123x = 12x3

Fio0 = ax~28 = 5

wiN

X

, 4
f(a)=—2

a3
4
—=1
a3
2
a3 =4
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2024 Paper 2 Question 2, (5)

8 -3
y:F:8x
dy —-24
= 4x =
dx x 4

24 24 3
=" 16 2

Whenx=2,y=2%=1

Using y — b = m(x — a) with (2, 1) gives
y—1= —E(x—Z)

2
2y —2=-3(x—-2)

2y —2=-3x+6
2y =—-3x+38

—3+4-
y= Zx

2025 Paper 1 Question 1, (4)
y=x3-2x2+5
When x = 2,y = 23 — 2(2)%? + 5 = 5. So, we have the point (2,5)

dy )
—_— = —_ 4
Ix 3x X

m=3(2)2—4(2) =4

Using y — b = m(x — a) with (2,5) gives
y—5=4(x-2)

y—5=4x—-8

y=4x—3
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2026 Paper 1 Question 7, (4)

y = 2x+ 4/x
1
y = 2x + 4x2
dy 1
— =2+ 2x 2
Ux + 2x
2
=2+—1
X2
2
—2+\/—§

Substitute x = 9 to give the gradient, m

2026 Paper 2 Question 9, (4)
flx) =4x3—12x*+7

f'(x) = 12x? — 24x

For strictly decreasing f'(x) < 0

12x2 —24x <0

12x(x—2) <0

Rootsareatx =0 and x = 2

Consider a parabola with these roots; for decreasing identify the part of the graph under

the x axis, giving the range of values 0 < x < 2
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  y =   x 2 − 4 x + 7


    d y  d x = 2 x − 4


    d y  d x = 2 x − 4


  = 2 ∙ 5 − 4 = 6


  y − b = m ( x − a )


  y − 12 = 6 ( x − 5 )


  y − 12 = 6 x − 30


  y − 12 = 6 x − 30


  y = 6 x − 28


  y = 6 x − 28


  y =  sin ⁡  (   x 2 − 3 )


    d y  d x =  cos ⁡  (   x 2 − 3 ) ∙ 2 x


    d y  d x =  cos ⁡  (   x 2 − 3 ) ∙ 2 x


  = 2 x  cos ⁡  (   x 2 − 3 )


  f  ( x ) =   ( 4 − 9   x 4 )   1 2


    f ′  ( x ) =  1 2   ( 4 − 9   x 4 )  −  1 2   ∙ ( − 36   x 3 )


  = − 18   x 3   ( 4 − 9   x 4 )   1 2


  f  ( x ) = 5  sin ⁡  2 x + 5  3  cos ⁡  2 x


    f ′  ( x ) = 10  cos ⁡  2 x − 10  sin ⁡  2 x


    f ′  ( x ) = 0


  10  cos ⁡  2 x − 10  sin ⁡  2 x = 0


   cos ⁡  2 x −  sin ⁡  2 x = 0


   cos ⁡  2 x −  sin ⁡  2 x = 0


   cos ⁡  2 x =  sin ⁡  2 x


   cos ⁡  2 x =  sin ⁡  2 x


  1 =    sin ⁡  2 x   cos ⁡  2 x =  tan ⁡  2 x


  1 =    sin ⁡  2 x   cos ⁡  2 x =  tan ⁡  2 x


  2 x =   𝜋 6


  2 x =   𝜋 6


  2 x =   𝜋 6


  f  ( x ) = 5  sin ⁡    𝜋 6 + 5  3  cos ⁡    𝜋 6


  =  5 2 +  15 2 = 10


  y =   x 4 − 2   x 3 + 5


    d y  d x = 4   x 3 − 6   x 2


    d y  d x = 4   x 3 − 6   x 2


  x = 2 ,     d y  d x = 32 − 24 = 8


  x = 2


  x = 2 ,   y =  2 4 − 2 ∙  2 3 + 5 = 5


  y − b = m ( x − a )


  y − 5 = 8 ( x − 2 )


  y = 8 x − 11


  y = 2   x 3 + 3


    d y  d x = 6   x 2


    d y  d x = 6   x 2


  x = − 2 ,     d y  d x = 6 ∙    ( − 2 ) 2 = 24


  x = − 2


  x = − 2 ,   y = 2 ∙    ( − 2 ) 3 + 3 = − 13


  ( − 2 ,   − 13 )


  y − b = m ( x − a )


  y −  ( − 13 ) = − 2 ( x − ( − 13 ) )


  y + 13 = − 2 x − 26


  y + 13 = − 2 x − 26


  y = − 2 x − 39


  y = − 2 x − 39


  f  ( x ) =  x ( 3 x −  2  x  x )


  =   x   1 2 ( 3 x −  2  x ∙   x   1 2 )


  =   x   1 2 ( 3 x −  2    x   3 2 )


  =   x   1 2 ( 3 x − 2   x  −  3 2 )


  = 3   x   3 2 − 2   x  − 1


    f ′  ( x ) =  9 2   x   1 2 + 2   x  − 2 =  9 2   x   1 2 +  2    x 2


    f ′  ( 4 ) =  (  9 2 ∙ 2 ) +  2 16 = 9 +  1 8 =  73 8


    f ′  ( 4 ) =  (  9 2 ∙ 2 ) +  2 16 = 9 +  1 8 =  73 8


  y = 12   x 3 + 8  x


  y = 12   x 3 + 8   x   1 2


  y = 12   x 3 + 8   x   1 2


    d y  d x = 36   x 2 + 4   x  −  1 2


    d y  d x = 36   x 2 + 4   x  −  1 2


  y =   (   x 2 + 7 )   1 2


    d y  d x =    1 2 (   x 2 + 7 )  −  1 2 ∙ 2 x


  = x   (   x 2 + 7 )  −  1 2


  =   x    (   x 2   +   7 )   1 2


  =   x     x 2   +   7


   ∫    4 x     x 2 + 7   d x


  = 4  ∫    x     x 2 + 7   d x


  = 4   (   x 2 + 7 )   1 2


  y =   ( 4 x − 1 ) 12


    d y  d x = 12   ( 4 x − 1 ) 11 ∙ 4


    d y  d x = 12   ( 4 x − 1 ) 11 ∙ 4


  = 48   ( 4 x − 1 ) 11


  d  ( t ) =  1  2 t =     t  − 1 2 =  1 2   t  − 1


    d ′  ( t ) = −  1 2   t  − 2 = −  1  2   t 2


    d ′  ( t ) = −  1 2   t  − 2 = −  1  2   t 2


    d ′  ( 5 ) = −  1  2 ∙  5 2 = −  1 50


    d ′  ( 5 ) = −  1  2 ∙  5 2 = −  1 50


  d ( t )


  t = 5


  −  1 50


  h  ( x ) = 3  cos ⁡  ( 2 x )


   h ′  ( x ) = − 6  sin ⁡  ( 2 x )


   h ′  ( x ) = − 6  sin ⁡  ( 2 x )


   h ′  (   𝜋 6 ) = − 6  sin ⁡   ( 2   x     𝜋 6 )  


   h ′  (   𝜋 6 ) = − 6  sin ⁡   ( 2   x     𝜋 6 )  


  = − 6  sin ⁡    (   𝜋 3 )


  = − 6   x      3 2


  = − 3    3


  ( 0 ,   5 )


  y =   x 3 − 3   x 2 + 2 x + 5


    d y  d x = 3   x 2 − 6 x + 2


    m  t a n = 3   ( 0 ) 2 − 6  ( 0 ) + 2


  = 2


  y = 2 x + 5


  2 x + 5 =   x 3 − 3   x 2 + 2 x + 5


    x 3 − 3   x 2 = 0


    x 2  ( x − 3 ) = 0


  x = 0 ,   x = 3


  x = 3 ,   y =  ( 2   x   3 ) + 5 = 11


  Q =  ( 3 ,   11 )


  ( x + 4 )


  x = − 4


  x = 2


  ( x − 2 )


  f  ( x ) = k ( x + 4 ) ( x − 2 ) ( x − 2 )


    f ′  ( − 2 ) = 0 ,


  x = − 2


  k


  f  ( x ) =   x 3 − 7 x − 6


    f ′  ( x ) = 3   x 2 − 7


    f ′  ( x ) = 3   x 2 − 7


    f ′  ( 2 ) = 5


    f ′  ( 2 ) = 5


  f ′ ( 2 ) > 0 ,


  P  ( x ) = 2 x +  128  x


  = 2 x + 128   x  − 1


    P ′  ( x ) = 2 − 128   x  − 2 = 2 −  128    x 2


    P ′  ( x ) = 0


  2 −  128    x 2 = 0


  2   x 2 − 128 = 0


  2   x 2 − 128 = 0


    x 2 = 64


    x 2 = 64


  x = − 8 ,   x = 8


  x = − 8 ,   x = 8


  x = − 8


  x


  x


  1


  8


  10


  P ′ ( x )


  −


  +


  S h a p e


  x = 8


  P  ( x ) =  ( 2   x   8 ) +  128 8


  = 16 + 16 = 32


  y =  1 2   x 4 − 2   x 3 + 6


    d y  d x = 2   x 3 − 6   x 2


    d y  d x = 2   x 3 − 6   x 2


  y =  1    ( 1 − 3 x ) 5


  =   ( 1 − 3 x )  − 5


    d y  d x = − 5    ( 1 − 3 x )  − 6   ∙ ( − 3 )


  = 15   ( 1 − 3 x )  − 6


  y =    x 3 − 2   x  − 1


  y =   x   3 2 − 2   x  − 1


  y =   x   3 2 − 2   x  − 1


    d y  d x =  3 2   x   1 2 + 2   x  − 2


    d y  d x =  3 2   x   1 2 + 2   x  − 2


    d y  d x =  3 2   x   1 2 +  2    x 2


    d y  d x =  3 2   x   1 2 +  2    x 2


  f  ( x ) = 4  sin ⁡  ( 3 x −   𝜋 3 )


    f ′  ( x ) = 12  cos ⁡  ( 3 x −   𝜋 3 )


    f ′  ( x ) = 12  cos ⁡  ( 3 x −   𝜋 3 )


    f ′  (   𝜋 6 ) = 12  cos ⁡  ( 3 (   𝜋 6 ) −   𝜋 3 )


    f ′  (   𝜋 6 ) = 12  cos ⁡  ( 3 (   𝜋 6 ) −   𝜋 3 )


  = 12  cos ⁡  (   𝜋 2 −   𝜋 3 )


  = 12  cos ⁡  (   𝜋 2 −   𝜋 3 )


  = 12  cos ⁡ (   𝜋 6 )


  = 12  cos ⁡ (   𝜋 6 )


  = 12   ∙    3 2


  = 12   ∙    3 2


  = 6  3


  = 6  3


  y =   x   5 3 −  10    x 4


  y =   x   5 3 − 10   x  − 4


  y =   x   5 3 − 10   x  − 4


    d y  d x =  5 3   x   2 3 + 40   x  − 5


    d y  d x =  5 3   x   2 3 + 40   x  − 5


    d y  d x =  5 3   x   2 3 +  40    x 5


    d y  d x =  5 3   x   2 3 +  40    x 5


  y = 2   x 5 − 3 x


    d y  d x = 10 x − 3


    d y  d x = 10 x − 3


  x = 1


  m = 10  ( 1 ) − 3 = 7


  x = 1 ,   y = 2   ( 1 ) 5 − 3  ( 1 ) = − 1


  ( 1 ,   − 1 )


  y − b = m  ( x − a )


   ( 1 ,   − 1 )  


  y − ( − 1 ) = 7  ( x − 1 )


  y = 7 x − 8


  f  ( x ) =   ( 3 − 2 x ) 4


    f ′  ( x ) = 4   ( 3 − 2 x ) 3 ∙ − 2


    f ′  ( x ) = 4   ( 3 − 2 x ) 3 ∙ − 2


  = − 8   ( 3 − 2 x ) 3


    f ′  ( 4 ) = − 8   ( 3 − 2 ( 4 ) ) 3


  = − 8   ( − 5 ) 3


  = 1000


  f  ( x ) = 2   x 3 + 9   x 2 − 24 x + 6


    f ′  ( x ) = 6   x 2 + 18 x − 24


    f ′  ( x ) = 6   x 2 + 18 x − 24


    f ′  ( x ) = 0


  6   x 2 + 18 x − 24 = 0


    x 2 + 3 x − 4 = 0


    x 2 + 3 x − 4 = 0


   ( x + 4 )  ( x − 1 ) = 0


   ( x + 4 )  ( x − 1 ) = 0


  x = − 4 ,   x = 1


  x = − 4 ,   x = 1


  x


  − 10


  − 4


  0


  1


  f ′ ( x )


  +


  −


  +


  S h a p e


  − 4


  1


  − 4 < x < 1


  y =   ( 5   x 2 + 3 ) 7


    d y  d x = 7   ( 5   x 2 + 3 ) 6 × 10 x


  = 70 x   ( 5   x 2 + 3 ) 6


  f  ( x ) = 12     x 3 = 12   x   1 3


    f ′  ( x ) = 4   x  − 2 / 3 =  4    x   2 3


    f ′  ( x ) = 4   x  − 2 / 3 =  4    x   2 3


    f ′  ( a ) =  4    a   2 3


    f ′  ( a ) =  4    a   2 3


   4    a   2 3 = 1


   4    a   2 3 = 1


    a   2 3 = 4


    a   2 3 = 4


     a 2 3 = 4


    a 2 = 64


  a = 8


  y =  8    x 3 = 8   x  − 3


    d y  d x = − 24   x  − 4 =   − 24    x 4


    d y  d x = − 24   x  − 4 =   − 24    x 4


  m =   − 24   2 4 = −  24 16 = −  3 2


  m =   − 24   2 4 = −  24 16 = −  3 2


  x = 2 ,   y =  8   2 3 = 1


  y − b = m ( x − a )


  y − 1 = −  3 2 ( x − 2 )


  2 y − 2 = − 3 ( x − 2 )


  2 y − 2 = − 3 ( x − 2 )


  2 y − 2 = − 3 x + 6


  2 y − 2 = − 3 x + 6


  2 y = − 3 x + 8


  2 y = − 3 x + 8


  y = −  3 2 x + 4


  y = −  3 2 x + 4


  y =   x 3 − 2   x 2 + 5


  x = 2 ,   y =  2 3 − 2    ( 2 ) 2 + 5 = 5


  ( 2 ,   5 )


    d y  d x = 3   x 2 − 4 x


  m = 3 (   2 ) 2 − 4  ( 2 ) = 4


  m = 3 (   2 ) 2 − 4  ( 2 ) = 4


  y − b = m ( x − a )


  ( 2 ,   5 )


  y − 5 = 4 ( x − 2 )


  y − 5 = 4 x − 8


  y − 5 = 4 x − 8


  y = 4 x − 3


  y = 4 x − 3


  y = 2 x + 4  x


  y = 2 x + 4   x   1 2


  y = 2 x + 4   x   1 2


    d y  d x = 2 + 2   x  −  1 2


    d y  d x = 2 + 2   x  −  1 2


  = 2 +  2    x   1 2


  = 2 +  2   x


  x = 9


  m


  m = 2 +  2   9


  = 2 +  2 3


  = 2  2 3


  f  ( x ) = 4   x 3 − 12   x 2 + 7


    f ′  ( x ) = 12   x 2 − 24 x


    f ′  ( x ) = 12   x 2 − 24 x


    f ′  ( x ) < 0


  12   x 2 − 24 x < 0


  12 x  ( x − 2 ) < 0


  12 x  ( x − 2 ) < 0


  x = 0


  x = 2


  x


  0 < x < 2

