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Partial Sums of an Infinite Series

o 1 1.1 1 1
R
Zn—lzn 2 4 8 16

137
2'4’8""

2m -1
S, = o
. . 2N —1 . 1
lim S, = lim =1—lim==1-0=1
n - oo n-ooo 2 n-— oo 2

Since the sequence of partial sums converges, the series converges.

YO 1=1+1+1+1 +..
51=1,52=2, 53=3,..
S, =n

lim S, = limn =o0
n — oo n — oo

Since the sequence of partial sums diverges, the series diverges.

T In(1+2) = B In(E2) = £ [In(n + 1) — In(w)]
=[In2Z—-In1]+[In3—-1In2]+ [In4—-1n3] +..

Si=In2,S,=1In3, S35 =1n4,.

Sp=In(n+1)
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lim S, = lim In(n+1) = o
n — oo n - oo

Since the sequence of partial sums diverges, the series diverges.

© A 15 _ 4 1,1 1,1 1
Z"=1(n n+1)_1 2+2 3+3 4+"

1

n+1

The series of partial sums is given by

Sp=1——o
n n+1

. . 1
limS,=liml—-———=1
n - oo n - oo n+1

Since the sequence of partial sums converges, the series converges.

The Sum of a Geometric Series
w 1 1.1 1
Zn=0(5)n =1 +E+Z+§+ .

P . . . 1
This is a geometric series witha = 1,r = p

1 1
Zgozo(g)n — 117 2
2
o ¢ yn_q4_ 1,1 1

Yool 2) I—o+,—5t-

P . . . 1
This is a geometric series witha = 1,r = — 5

1 2

w . Wpn_ 1 2
EFeo(=)" = 5=
1+01+0.01+.

P . . . 1
This is a geometric series witha = 1,r = 7

1+01+001+..=—F=

10

1 10
9

o 3yn — 2,27, 8
Yn=03Q)" =3+ + -+ +.
This is a geometric series with a = 3,r = %

Since r > 1 the series diverges so has no limit.
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The Sum of a Telescoping Series

1 1 1 1 1
Zn 1(———) = 1—E+E—§+E—Z+..

n+1

1
2n—-1 2n+1

Zn 1W_Zn 1G—

1 1
—1—§+§—E+E—;+..

) using partial fractions

=1-— lim =1-0=1
n-oo?an+l
yo L _—yo 1 1 using partial fractions
n=2n2_1 N=2Zym-1) 2(n+1)
1 1,1 1,1 1,1 1,61 1
e e e H
2 6 4 8 6 10 8 12 10 14
1,1 .
=-+-— lim —+ +0——
2 4 n-oo 2n+1) 2
00 ;:Zw (L—L) using partial fractions
n=1p2 3042 =111 n+2 8
1 1,1 1,1 1
e T
2 3 3 4 4 5
1 1 1 1
= - — —:——0:—
2 n-oo nt+2 2 2

The Limit & Sum of an Infinite Series

n+10 1+—

Zn 110n+1 Zn 110+

10

. 1
lim L=_
n- oo 10+Z 10

Since the limit of the nt* term is not 0, the series diverges.

Zoo n+1_zOO 1+
n—12n_1 n—12 1
n
1
. 1+— 1
lim ==
n-o 2-—-—

Since the limit of the nt* term is not 0, the series diverges.
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4
Yn=0 7n

lim i=O

n-o 2N

Since the limit of the nt* term is 0 the nt* term test is inconclusive.

Use another test to check convergence / divergence.

1
Yin=0 7m

. 1
lim —=0
n—-oo 47

Since the limit of the nt™ term is 0 the nt* term test is inconclusive.

Use another test to check convergence / divergence.

Series Convergence Tests

0 1
n=1y,41
o 1
—— dx = lim — dx
fl +1 a,—»oof1 1

= lim [In|x + 1]]¢
a — oo

lim (Ina —In2)

a — o

= lim (Ina) —1In2
a — oo

= 0

Since the integral diverges the series Y.;—; ﬁ also diverges.

1
Yn=173

[P= dx= lim ["= dx

1x3 a— oo 1 x

a— oo 1
1 1@
= lim [——2]
a— oo 2x414q
1 1
= lim (- ——
a—>oo(2 2a?

1 . 1 1

=-—lim —=-

a — oo 2(12 2

. . . 1
Since the integral converges the series Yo = also converges.
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Yn—1e "

[Px™dn= lim ["e™*dx
1 a4s 001

= lim [—e*]¢
a — oo

= lim (—e % +el)

a — o

. 1
=e— lim —
a—> oo €

=e—0=c¢

Since the integral converges the series ), e " also converges.

1
oo 1
anl an+1

floo L dx = lim [*—— dx

4x + 1 a—-o 1l 4x+1

1 a
= lim [=In|4x + 1|]
a— oo L4 1

= lim (In|4a+ 1| —>In5)
a—->oo 4 4

lim Inl4a + 1| —IIns

1
4q-> 4

Since the integral diverges the series Y. also diverges.

an+1

1
Yn=13

This is a p-series with p = 1. Since 0 < p < 1 the series diverges.

1
Yn=173

This is a p-series with p = 2. Since p > 1 the series converges.
w 1
anl% = Zn=1

This is a p-series with p = % Since 0 < p < 1 the series diverges.
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vl

1 1 1 0 1 _ v
1+ﬁ+ﬁ+ﬁ+”_zn=1\/_ﬁ_zn=1

S
T R

This is a p-series with p = % Since 0 < p < 1 the series diverges.

Y=o 2"

lim 2" = o

n - oo

Since the limit of the nt" term is not 0, the series diverges.

ZOO n!
n=1on1+1

. n! . 1 1
lim = lim =3

n-o 2n!+1 n - oo 2+%

Since the limit of the nt™ term is not 0, the series diverges.

=0

Since the limit of the n*" term is 0, the n*" term test does not apply and you need
another test to check convergence / divergence. This particular series, the

harmonic series, is a p-series with p = 1, so it diverges using the p-series test.

Ty ——
n=ly,.41
n . 1
m — = lim =1

n-oo n+l n- oo 1+;

Since the limit of the nt" term is not 0, the series diverges.

1
Ln=137 3

T
9 27

Compare with the series Y54 perils

.. . . . 1 .
Thisisa geometric series withr = 5, so 1t converges

1 1

<
2+3n 37

. . . 1
So, by the direct comparison test, the series Yo, > an converges.
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vl

an

. . 1 1 1 1
Compare with the series )54 —=1t, st

n2+1

This is a p-series with p = 2. Since p > 1, the series )., - 15 converges.

1
nZ+1 n2

So, by the direct comparison test, the series ),;— 17 ! — - converges.

© 1 _1,1,1, 1
Z"=1§_1+2+6+24+
n=nn-1)mn-2)..... 3:2:1>2:2-2..... 2:2-1=2n"1

So,n!>2"1forn>1

1 1
SO, ; < on-1

Compare with the series Yo, Zn—l_l =1+ % + i + % +..

. . . . 1.
This is a geometric series with 7 = -, so it converges

1 1
<
n! — 2n-1

So, by the direct comparison test, the series ), % converges.

Ymoe” n? =)y 0% —1+ + + +
C ith th . o 1 _q41,1 .1
ompare with t eser1esZn=oe—n— tots+—5.

. . . . 1 .
This is a geometric series with r = = S0 it converges

1 S 1

en? en

So, by the direct comparison test, the series Y -, e converges.

Yn=17377

n2 +1
Compare with the divergent p-series Z,‘;":l%

n n?

lim —
n-oon<+1

/l= lim

nooonZ+1
. 1
= lim —=1
n-ol+—
n

Since the limit is positive and finite, both series diverge.
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e
n=0p2 41
. . w Vn w 1
Compare with the convergent p-series Y5, == V=13
nz
vn o ,Vn . n?
——/— = lim
noon2+1’ n2 noon?+1
= lim =1
n-ol+—
n

Since the limit is positive and finite, both series converge.

EOO n+3
n=1nm+2)

Compare with the divergent p-series Zf{;l%

n+3 1 . n+3

n-ooonn+2)' n n-o-oon+2

Since the limit is positive and finite, both series diverge.

0 1
Siisin
. . . 1
Compare with the divergent p-series Yn-; -

. 1 1
lim sin- / -
n n

n — oo

.1 .
Butasn — ©, sin— — sin0=0

1 . . . 0
And asn - oo, ~ = 0, giving the indeterminate form 5

d, . 1 1,1
(sin())  (cos ;);(_x_z) — cos L

Using L’Hospital’s Rule, dx = T

a1
dx‘\x x2

Then, lim cos% =cos0=1

n — oo

Since the limit is positive and finite, both series diverge.

Y 2
2n 2n+1
a, =—,a = —
nT o LT iy
. a 2ntl n!
n-oool an n-oo L(n+1)! 27

= limizo

n-ooon+1
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. . a .
Since lim Z—“ < 1, the series converges.
n-— n
o n!
Zn=03_n
Q. = nl a _ (n+1)!
n — 3n’ n+1 — 3n+1
. a . (n+1)! 3M
lim || = lim [ -
n-ool an n- oo L 3n%1 n!
n+1
= l —_ = 0
n-o 3
. . a . .
Since lim |-**| = oo, the series diverges.
n— oo an
co (_1)11211
—1)ngn _q)n+ign+l
an = L’ an+1 = ;
n! (n+1)!
lim 22 = lim [(_1)n+12n+1 S ]
n-ool an n— oo (n+1)! (=1)n2n
. 2
= lim [—— =
n - o n+1
. . a .
Since lim Z—“ < 1, the series converges.
n— o n

T (—1)n

n+1
@ = Vn _Vn+1
nT o LT p40
. a . [Vvn+1 n+1
lim [ = lim —]
n-ool an n-oln+2 Vn
— lim 'n+1_n+1]
n—-olL \/ﬁ n+2
; n+1 n+1
= lim | [— - —l
n - oo n n+2
=v1(1) =1
. . a . .. .
Since lim Z—“ = 1, the ratio test is inconclusive. Use another test to
n— oo n

determine whether the series converges / diverges.
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Zn 1(

)"

2n+1

...n n \" . n
lim ( ) = lim
n— oo 2n+1 noown+1
1

. 1
= lim ==
n—>002+5 2

Since the limit is < 1 the series converges.

. eZTl
n=1 nn
nle2n X eZ
lim [— = lim —=0
n — oo n n-oon

Since the limit is < 1 the series converges.

2n \n
Zn 1(n+1)
lim "[ (2 = lim 22
n - oo n+1 n-oon+1

. 2
= lim =2
n—>ool+z

Since the limit is > 1 the series diverges.

="
L= 2 (Inn)n
lim "2 = Jim L =0

n - oo (Inn)? n-ooolnn

Since the limit is < 1 the series converges.

( 1)n+1
n

an

1

a, = e
n n+1

L ,a
n’ n+1 =
ap1 < a
. 1
lim —==0

n—-oohn

So, by the alternating series test, the series converges.
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ZOO (_1)n+1

n=1 on—1

a, = ! a =1
n T oop—1’ ML T on 4
(nt1 < Ap

.1

lim —=0

n-oohn

So, by the alternating series test, the series converges.

So, by the alternating series test, the series converges.

Zoo (_1)nn2

n=1 p244

@ = n? a . (m+1)?
N opzyg LT )24
. n? . 1

lim = lim —=1

noon?+1 n-ool+—
n

Since lim a, # 0, the alternating series test is inconclusive.

n — oo

Consider using another test to determine convergence / divergence.
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    ∑  n = 1 ∞   1   2  n =  1 2 +  1 4 +  1 8 +  1 16 +   . .


    S 1 =  1 2 ,       S 2 =  3 4 ,       S 3 =  7 8 ,   . .    


    S  n


   1 2 ,    3 4 ,    7 8 ,   .   .  


    S  n =    2  n   −   1   2  n


   lim  n   →   ∞   S  n =   l i m  n   →   ∞    2  n   −   1   2  n = 1 −  lim  n   →   ∞  1   2  n = 1 − 0 = 1


    ∑  n = 1 ∞ 1 = 1 + 1 + 1 + 1   +   .     .


    S 1 = 1 ,       S 2 = 2 ,       S 3 = 3 ,   . .    


    S  n = n


   lim  n   →   ∞   S  n =  lim  n   →   ∞ n = ∞


    ∑  n = 1 ∞   ln ⁡  ( 1 +  1  n ) =   ∑  n = 1 ∞   ln ⁡  (   n   +   1  n ) =   ∑  n = 1 ∞    [ ln ⁡   ( n + 1 ) −  ln ⁡  ( n ) ]


  = [  ln ⁡  2 −  ln ⁡  1 ] + [  ln ⁡ 3 −  ln ⁡  2 ] + [  ln ⁡  4 −  ln ⁡  3 ]   +   . .


    S 1 =  ln ⁡ 2 ,       S 2 =  ln ⁡ 3 ,       S 3 =  ln ⁡ 4 ,   . .    


    S  n =  ln ⁡  ( n + 1 )


   lim  n   →   ∞   S  n =  lim  n   →   ∞  ln ⁡   ( n + 1 ) = ∞


    ∑  n = 1 ∞  (  1  n −  1  n   +   1 ) = 1 −  1 2 +  1 2 −  1 3 +  1 3 −  1 4 + . .


  = 1 −  1  n   +   1


    S  n = 1 −  1  n   +   1


   lim  n   →   ∞   S  n =  lim  n   →   ∞ 1 −  1  n   +   1 = 1


    ∑  n = 0 ∞    (  1 2 )  n = 1 +  1 2 +  1 4 +  1 8 +   . .


  a = 1 ,   r =  1 2


    ∑  n = 0 ∞    (  1 2 )  n =  1  1   −    1 2 = 2


    ∑  n = 0 ∞    ( −  1 2 )  n = 1 −  1 2 +  1 4 −  1 8 +   . .


  a = 1 ,   r = −  1 2


    ∑  n = 0 ∞    ( −  1 2 )  n =  1  1   −   ( −  1 2 ) =  2 3


  1 + 0 . 1 + 0 . 01   +   . .


  a = 1 ,   r =  1 10


  1 + 0 . 1 + 0 . 01   +   . . =  1  1   −    1 10 =  10 9


    ∑  n = 0 ∞  3   (  3 2 )  n = 3 +  9 2 +  27 4 +  81 8 +   . .


  a = 3 ,   r =  3 2


  r > 1


    ∑  n = 1 ∞  (  1  n −  1  n   +   1 ) = 1 −  1 2 +  1 2 −  1 3 +  1 3 −  1 4 + . .


  = 1 −    lim  n   →   ∞ ⁡   1  n   +   1 = 1 − 0 = 1


    ∑  n = 1 ∞   2  4   n 2   −   1 =   ∑  n = 1 ∞  (  1  2 n   −   1 −  1  2 n   +   1 )


  = 1 −  1 3 +  1 3 −  1 5 +  1 5 −  1 7 +   . .


  = 1 −    lim  n   →   ∞ ⁡   1  2 n   +   1 = 1 − 0 = 1


    ∑  n = 2 ∞   1    n  2   −   1 =   ∑  n = 2 ∞   1  2 ( n   −   1 ) −  1  2  ( n   +   1 )


  =  1 2 −  1 6 +  1 4 −  1 8 +  1 6 −  1 10 +  1 8 −  1 12 +  1 10 −  1 14


  =  1 2 +  1 4 −  lim  n   →   ∞    1  2  ( n   +   1 ) =  1 2 +  1 4 + 0 =  3 4


    ∑  n = 1 ∞   1    n 2   +   3 n   +   2 =   ∑  n = 1 ∞  (  1  n   +   1 −  1  n   +   2 )


  =  1 2 −  1 3 +  1 3 −  1 4 +  1 4 −  1 5 +   . .


  =  1 2 −  lim  n   →   ∞    1  n   +   2 =  1 2 − 0 =  1 2


    ∑  n = 1 ∞    n   +   10  10 n   +   1 =   ∑  n = 1 ∞    1   +    10  n  10   +    1  n


   lim  n   →   ∞     1   +    10  n  10   +    1  n =  1 10


    n  t h


    ∑  n = 1 ∞    n   +   1  2 n   −   1 =   ∑  n = 1 ∞    1   +    1  n  2   −    1  n


   lim  n   →   ∞     1   +    1  n  2   −    1  n =  1 2


    n  t h


    ∑  n = 0 ∞     4   2  n


   lim  n   →   ∞    4   2  n = 0


    n  t h


    n  t h


    ∑  n = 0 ∞     1   4  n


   lim  n   →   ∞    1   4  n = 0


    n  t h


    n  t h


    ∑  n = 1 ∞   1  n   +   1


    ∫ 1 ∞   1  x   +   1   d x =    lim  a   →   ∞ ⁡    ∫ 1  a   1  x   +   1   d x


  =    lim  a   →   ∞ ⁡     [  ln ⁡   | x + 1 | ] 1  a


  =  lim  a   →   ∞ (  ln ⁡  a −  ln ⁡  2 )


  =  lim  a   →   ∞ (  ln ⁡  a ) −  ln ⁡ 2


  = ∞


    ∑  n = 1 ∞   1  n   +   1


    ∑  n = 1 ∞   1    n 3


    ∫ 1 ∞   1    x 3   d x =    lim  a   →   ∞ ⁡    ∫ 1  a   1    x 3   d x


  =    lim  a   →   ∞ ⁡    ∫ 1  a    x  − 3   d x


  =    lim  a   →   ∞ ⁡     [ −  1 2   x  − 2 ] 1  a


  =    lim  a   →   ∞ ⁡     [ −  1  2   x 2 ] 1  a


  =  lim  a   →   ∞ (  1 2 −  1  2   a 2 )


  =  1 2 −  lim  a   →   ∞    1  2   a 2 =  1 2


    ∑  n = 1 ∞   1    n 3


    ∑  n = 1 ∞    e  − n


    ∫ 1 ∞    x  − n   d n =    lim  a   →   ∞ ⁡    ∫ 1  a    e  − x   d x


  =    lim  a   →   ∞ ⁡     [ −   e  − x ] 1  a


  =   l i m  a   →   ∞   ( −   e  − a +   e 1 )


  = e −   l i m  a   →   ∞    1    e  a


  = e − 0 = e


    ∑  n = 1 ∞    e  − n


    ∑  n = 1 ∞   1  4 n   +   1


    ∫ 1 ∞   1  4 x   +   1   d x =    lim  a   →   ∞ ⁡    ∫ 1  a   1  4 x   +   1   d x


  =    lim  a   →   ∞ ⁡     [  1 4  ln ⁡   | 4 x + 1 | ] 1  a


  =   l i m  a   →   ∞   (  1 4  ln ⁡   | 4 a + 1 | −  1 4  ln ⁡ 5 )


  =  1 4   l i m  a   →   ∞  ln ⁡   | 4 a + 1 | −  1 4  ln ⁡ 5


  = ∞


    ∑  n = 1 ∞   1  4 n   +   1  


    ∑  n = 1 ∞   1  n


  p = 1


  0 < p ≤ 1


    ∑  n = 1 ∞   1    n 2


  p = 2


  p > 1


    ∑  n = 1 ∞   1    n 5 =   ∑  n = 1 ∞   1    n   1 5


  p =  1 5


  0 < p ≤ 1


  1 +  1   2 +  1   3 +  1   4 +   . . =   ∑  n = 1 ∞   1   n =   ∑  n = 1 ∞   1    n   1 2


  p =  1 2


  0 < p ≤ 1


    ∑  n = 0 ∞   2  n


   lim  n   →   ∞     2  n = ∞


    n  t h


  0


    ∑  n = 1 ∞    n !  2 n !   +   1


   lim  n   →   ∞     n !  2 n !   +   1 =  lim  n   →   ∞    1  2   +    1  n ! =  1 2


    n  t h


  0


    ∑  n = 1 ∞   1  n


   lim  n   →   ∞    1  n = 0


    n  t h


  0


    n  t h


  p = 1 ,


    ∑  n = 1 ∞    n  n   +   1


   lim  n   →   ∞     n  n   +   1 =  lim  n   →   ∞    1  1   +    1  n = 1


    n  t h


  0


    ∑  n = 1 ∞   1  2   +    3  n


    ∑  n = 1 ∞   1   3  n =  1 3 +  1 9 +  1 27 +   . .


  r =  1 3 ,


   1  2   +    3  n <  1   3  n


    ∑  n = 1 ∞   1  2   +    3  n


    ∑  n = 1 ∞   1    n 2   +   1


    ∑  n = 1 ∞   1    n 2   =  1 1 +  1 4 +  1 9 +   . .


  p = 2 .  


  p > 1


    ∑  n = 1 ∞   1    n 2  


   1    n 2   +   1 <  1    n 2  


    ∑  n = 1 ∞   1    n 2   +   1


    ∑  n = 1 ∞   1  n ! =  1 1 +  1 2 +  1 6 +  1 24 +


  n ! = n  ( n − 1 )  ( n − 2 )   .   .   .   .   .   3 ∙ 2 ∙ 1 ≥ 2 ∙ 2 ∙ 2   .   .   .   .   .   2 ∙ 2 ∙ 1 =  2  n − 1


  n ! ≥  2  n − 1


  n ≥ 1


   1  n ! ≤  1   2  n − 1


    ∑  n = 1 ∞   1   2  n − 1 = 1 +  1 2 +  1 4 +  1 8 + . .  


  r =  1 2 ,


   1  n ! ≤  1   2  n − 1


    ∑  n = 1 ∞   1  n !


    ∑  n = 0 ∞    e  −   n 2 =   ∑  n = 0 ∞   1    e    n 2 = 1 +  1  e +  1    e 4 +  1    e 9 +   . .


    ∑  n = 0 ∞   1    e  n = 1 +  1  e +  1    e 2 +  1    e 3   . .


  r =  1  e ,


   1    e    n 2 ≤  1    e  n


    ∑  n = 0 ∞    e  −   n 2


    ∑  n = 1 ∞    n    n 2   +   1


    ∑  n = 1 ∞   1  n


     lim  n   →   ∞ ⁡    n    n 2   +   1 /  1  n =    lim  n   →   ∞ ⁡      n 2    n 2   +   1


  =    lim  n   →   ∞ ⁡   1  1   +    1    n 2 = 1


    ∑  n = 0 ∞     n    n 2   +   1


    ∑  n = 1 ∞     n    n 2 =   ∑  n = 1 ∞   1    n   3 2


   lim  n   →   ∞    n    n 2   +   1 /    n    n 2 =  lim  n   →   ∞     n 2    n 2   +   1


  =  lim  n   →   ∞  1  1   +    1    n 2 = 1


    ∑  n = 1 ∞    n   +   3  n ( n   +   2 )


    ∑  n = 1 ∞   1  n


   lim  n   →   ∞   n   +   3  n ( n   +   2 ) /  1  n =  lim  n   →   ∞   n   +   3  n   +   2


  =  lim  n   →   ∞   1   +    3  n  1   +    2  n = 1


    ∑  n = 1 ∞   sin ⁡   1  n


    ∑  n = 1 ∞   1  n


   lim  n   →   ∞  sin ⁡   1  n   /    1  n


  n → ∞ ,    sin ⁡   1  n →  sin ⁡  0 = 0


  n → ∞ ,    1  n → 0


   0 0


      d  d x   ( sin ⁡  (  1  x ) )    d  d x (  1  x ) =     ( cos   ⁡   1  x )   ∙ ( −  1    x 2 )  −  1    x 2 =  cos ⁡   1  x


   lim  n   →   ∞  cos ⁡   1  n =  cos ⁡  0 = 1


    ∑  n = 0 ∞     2  n  n !


    a  n =    2  n  n ! ,     a  n + 1 =    2  n + 1  ( n + 1 ) !


   lim  n   →   ∞  |     a  n + 1    a  n | =  lim  n   →   ∞  [    2  n + 1  ( n + 1 ) !   ∙     n !   2  n ]


  =  lim  n   →   ∞  2  n   +   1 = 0


   lim  n   →   ∞  |     a  n + 1    a  n | < 1 ,


    ∑  n = 0 ∞    n !   3  n


    a  n =   n !   3  n ,     a  n + 1 =   ( n + 1 ) !   3  n + 1


   lim  n   →   ∞  |     a  n + 1    a  n | =  lim  n   →   ∞  [   ( n + 1 ) !   3  n + 1   ∙      3  n  n ! ]


  =  lim  n   →   ∞   n   +   1 3 = ∞


   lim  n   →   ∞  |     a  n + 1    a  n | = ∞ ,


    ∑  n = 0 ∞      ( − 1 )  n  2  n  n !


    a  n =     ( − 1 )  n  2  n  n ! ,     a  n + 1 =     ( − 1 )  n + 1  2  n + 1  ( n + 1 ) !


   lim  n   →   ∞  |     a  n + 1    a  n | =  lim  n   →   ∞  [     ( − 1 )  n + 1  2  n + 1  ( n + 1 ) !   ∙     n !    ( − 1 )  n  2  n ]


  =  lim  n   →   ∞  [ −  2  n + 1   ] = 0


   lim  n   →   ∞  |     a  n + 1    a  n | < 1 ,


    ∑  n = 1 ∞    ( − 1 )  n    n  n   +   1


    a  n =    n  n   +   1 ,     a  n + 1 =    n   +   1  n   +   2


    l i m  n   →   ∞  |     a  n + 1    a  n | =   l i m  n   →   ∞  [    n   +   1  n   +   2   ∙     n   +   1   n ]


  =   l i m  n   →   ∞  [    n   +   1   n   ∙     n   +   1  n   +   2   ]


  =   l i m  n   →   ∞  [    n   +   1  n   ∙     n   +   1  n   +   2   ]


  =  1  ( 1 ) = 1


   lim  n   →   ∞  |     a  n + 1    a  n | = 1 ,


    ∑  n = 1 ∞    (   n  2 n   +   1 )  n


   lim  n   →   ∞     (   n  2 n   +   1 )  n  n =  lim  n   →   ∞   n  2 n   +   1


  =  lim  n   →   ∞  1  2   +    1  n =  1 2


  < 1


    ∑  n = 1 ∞      e  2 n    n  n


   lim  n   →   ∞      e  2 n    n  n  n =  lim  n   →   ∞     e 2  n = 0


  < 1


    ∑  n = 1 ∞    (   2 n  n   +   1 )  n


   lim  n   →   ∞    (   2 n  n   +   1 )  n  n =  lim  n   →   ∞   2 n  n   +   1


  =  lim  n   →   ∞  2  1   +    1  n = 2


  > 1


    ∑  n = 2 ∞      ( − 1 )  n      ( ln ⁡  n )  n


   lim  n   →   ∞      ( − 1 )  n      ( ln ⁡  n )  n  n =  lim  n   →   ∞   − 1   ln ⁡  n = 0


  < 1


    ∑  n = 1 ∞      ( − 1 )  n + 1  n


    a  n =  1  n ,     a  n + 1 =  1  n   +   1


    a  n + 1 ≤   a  n


   lim  n   →   ∞  1  n = 0


    ∑  n = 1 ∞      ( − 1 )  n + 1  2 n   −   1


    a  n =  1  2 n   −   1 ,     a  n + 1 =  1  2 n   +   1


    a  n + 1 ≤   a  n


   lim  n   →   ∞  1  n = 0


    ∑  n = 1 ∞      ( − 1 )  n   n


    a  n =  1   n ,     a  n + 1 =  1   n   +   1


    a  n + 1 ≤   a  n


   lim  n   →   ∞  1  n = 0


    ∑  n = 1 ∞      ( − 1 )  n   n 2    n 2   +   1


    a  n =     n 2    n 2   +   1 ,     a  n + 1 =     ( n   +   1 ) 2    ( n   +   1 ) 2   +   1


   lim  n   →   ∞     n 2    n 2   +   1 =  lim  n   →   ∞  1  1   +    1    n 2 = 1


   lim  n   →   ∞     a  n ≠ 0

