Applications

Solutions

Finding the Area Under a Curve
Finding the Area Between Two Curves
Volumes of Revolution

Arc Length

Surface of Revolution

Finding the Area Under a Curve
ff 3x% — 6x +4dx = [x3 — 3x% + 4x]]
=(4*-3-42+4-4)—-(1*-3-12+4-1)
=30

Area = 30 units?

x*—12x + x = [x>—6x° 4+ 12x]5

243212 12d 3 _ 6x2 + 12x]%
=(43—6-42+12-4)— (22 —6-22+12-2)
= (64 — 96 + 48) — (8 — 24 + 24)
=38

Area = 8 units?

5T 5

fz? 3sin(2x) dx = [—%cos(Zx)]

el

SEPN

3

- e () 22
= (—Zcos (5?”)) - (—ECOS(F))

— (~0.75) — (1.5)

= —-2.25

Area = 2.25 units?
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J# 2 cosx dx = [2sinx]i = (2 sin%) - (2 sing)
6 6

=1414 -1

= 0414

Area = 0.414 units?

y =10 + 3x — x?

For x — intercepts let y = 0 to give
10+3x—x%=0
x2—3x—-10=0
x=5x+2)=0

x=-2,x=5

f_5210+3x—x2 dx
_ 3.2 1 345
—[10x+2x 53X 122

=(10-5+32.52-2.53) - (10 (-2) + 2(-2)? = 3(-2)%)
= (45.8) — (—11.3)
=57.1

Area = 57.1 units?

x=t(1+t)=t+t2,%=1+2t

Whenx =0,t(1+t)=0sot=0o0rt =—1
Whenx = 0,t(1+t) =2

t?+t—-2=0
t+2)(t-1)=0
t=-2,t=0

Sincet > 0weuset =0andt=1

1 d 11
Areazfoyd—fdtzfom(1+2t)dt

= [[@2-—)adt

1+t

= [2x — In|1 + t|]}
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=2-In2)—(—-In1)
=2—-1In2

T
r=acos€,a=0,ﬂ=5

Area = %az JZcos?*0do

2 T

= a:foz(cos 20 +1)do
2 T

= a—[lsin 20 + 9]2
4 12 0

=[(0+3)- @]

Finding the Area Between Two Curves

For points of intersection
x?—4x+5=2x—-3
x2—6x+8=0
x—-4Hx-2)=0

x=2,x=4

[ T(2x = 3) = (x? — 4x + 5)] dx

= [;'(—x? + 6x — 8) dx

[—%x3+3x2—8x]‘2L
—2-4343-42-8-4)—(-5-2°+3-22-8-2)

(
=(-Z+48-32)-(-2+12-16)

4

3

4
Area = 5 units?

For points of intersection
2x2 —4x—15=—x*+2x+9
3x2—6x—24=0
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x> =2x—-8=0
x—4)(x+2)=0

x=-2,x=4

SIC= %+ 2x +9) — (2x% — 4x — 15)] dx

= [1(=3x? + 6x + 24) dx

= [—x3 + 3x? + 24x]%,

= (=43 4+ 342+ 24-4) — (—(=2)3 + 3(=2)% + 24(-2))
= (—64+48+96) — (8+ 12 —48)

=108

Area = 108 units?

For points of intersection
—x?+4x—-2=x*+3x—-8
—2x*+x+6=0
2x2—x—6=0
2x+ 3)(x —2)=0
x=-15x=2

f_zl's[( —x%4+4x—2)— (x*+3x—8)] dx

= f—21.5(_2x2 +x +6) dx

= [—%x3 +%x2 +6x]%, 5

=(-2-2245-2246-2) = (- 2(-15)° +2(-15)? + 6(~15))
=(-2+2+12) - (225+1.125-9)

= 14.29
Area = 14.29 units?
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Volumes of Revolution
y = 10x? between x = 0 and x = 2
7rf02(10x2)2 dx
= nfoz 100x* dx
= 1 [20x°]3
= (20 x 25) — (20 x 0%))
= 640m
Volume = 6401

y = +/x between x = 2 and x = 10
T leo(\/E)Z dx

=n leo x dx

) 2]10

-
2

=((50) — (2))
= 481

Volume = 48m

y=L between x = 0 and x = 2
x+1

2, 2
ﬂfo(m) dx
=’ _dx=n[ 4(x+1)2dx
0 (x+1)2 0
4 12
‘"[‘mo
— _H_ (-
—n(( 3) ( 4))
81

y =sin2x between x = 0 and x =§

m J2 (sin2x)* dx = m [2 sin®2x dx

Using the trig identity cos 4x = 1 — 2sin®2x we have

T
nfof(%— %cos 4x)dx
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T

1 1 . 2
=T [—x ——sm4x]
2 8 0

=n((Z-3sin2r) - (0—1sin0))

== ((5)- )

|7,

TL'Z
Volume = ”

y =§ betweeny = landy =3
Rearranging gives

—1_ -1
X = 5 y

nf’y2dy

ol
= n((~3) - 1)
2

=-T
3

2
Volume = 37

y = 2e*” betweeny = 2andy = 4

Rearranging gives

4
7 [, In() dy
= [}(Iny—In2)dy

4 4
=n(f, Inydy — [, In2dy)
In y has to be integrated using integration by parts
Letu = Inyand let =1
dy

du

1 and v =
dy y y
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[Inydy =[ylnylj— ['1dy
= (4In4-2In2) - [y}
=6Iln2-2 Using logarithm rules
so,m(f; Inydy - [/ In2dy) =m(6In2 -2 - [} In2dy)
=m(6In2 -2 —[yln2]3)
=m(6In2—-2—-(4In2 -2In2))
=1(4In2 - 2)
Volume=n(4ln2—2)

y=vt—1,y?=t—1
When x = e?,t = 2
Whenx = e3,t =3
Volume = nf23(t —1)(eb)dt
= [)(tet — et)dt = n([, te* dt — [e*]3)
= n(f23 tet dt — (e — e?))
= n(f: tet dt —e3 + e?)
To evaluate [ te® dt we have to use integration by parts.
Letu = t and let 2 = et
dt
du

So,— =1,du =dtandv = et
dt

f23 tet dt = [te']3 —f; etdt = (3e3 —2e?) —[et]3
= (3e® —2e?) — (e3 —¢€?)
= 2e3 — e?

Volume = 7((2e3 — e?) — % + €2) = me®
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Arc Length
3
y = §x5 between x = 8 and x = 15
d 1 4d
é = xz} (é)z =X
f815 V1+xdx
1

= " +x)7 dx

, 3,15
= [a+a0],

2 2
= (% x64)-Cx27)

_ 74

3

Arc Length = %

y? = §x3 betweeny = 0 and y = 2v/3

Rearranging gives

— 4x3—2x;
Y =% T3

Changing the limits to x givesx = 0 and x = 3

1
d—ysz
dx

G2 =x

f03 V1+ x dx

= f03(1 + x)% dx
3.3

=[fa+ x)E]O

-(3)-9=7

14
3

Arc Length = —

x =Incosy betweeny = 0 and y =§
S0V — _tany
dy cosy

dx~o _ 2
()2 = tan?y
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JgJ1+tan?y dy
= [2+/sec?y dy Since sec’y = 1 + tan?y

= [Zsecy dy

= [In|secy + tan yl]g

= (In |sec§ + tan §|) — (In|sec0 + tan 0])
= (In|2 +V3]) = (n 1)

= (In|2 +V3))

Arc Length = (ln|2 + \/§|)

x = t2,% = 2t,(%)? = 412
dt dt

y=2t2=2,2)?=4
[NaT T adt= [7 4@+ 1) de
=2 [[VtZ+1 dt
Lett = sinh u,% = coshu, dt = coshu du
Whent = 0,u =arsinh0 =0
Whent = 2,u = arsinh 2
2 foz\/m dt =2 foarsmhzx/mcoshudu

=2 foarsmh ? cosh?u du
Use cosh 2u = 2cosh?u — 1

= foarsmhz(l + cosh 2u) du

1 . arsinh 2
= [u + =sinh Zu]
2 0

Use sinh 2u = 2 sinhu coshu
= [u + sinh u cosh u]§"sinh 2
= (arsinh 2 + 2 cosh(arsinh2)) — (0 + %sinh 0)
= arsinh 2 + 2 cosh(arsinh2)
=1In(2 +/5) + 2 cosh(In(2 + V5))

=In(2 +V5) + 2V5
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2
x=3+2cost, ¥ = —2sint, (d—x) = 4sin’t
dt dt
y = 2t+25int,%= 2 +2cost,(%)2 = 4cos’t + 8cost + 4

2
(%) + (%)2 = 4sin’t + 4cos’t + 8cost + 4

=4+4+8cost+ 4
=8cost+8

Use cos 2t = 2 cos?t — 1 written as cost = 2cos? (;)
= 020 (§)-1)
= 16 cos? G)

Jx 16c052() dt—4fn cos— dt

3

=4 [Siné]z

3

. I . T 1
= 8(51115— Sll’lg) = 8(1 _E) =4

r = a,% =0

Arc Length = fozn\/m ae
= fozna de
= [ax]§"
=2ma—0
= 2nr

dr
r= SeZG,E = 10e2%?

Arc Length = [2./(5e29)2 + (10e29)? d6

= Jz/25€%% + 100e4 do

=125 [ze?% db

125 [1 29]0

=%§<e”—1>

my guy.com



Surface of Revolution
x=t3,% =2t
dt

a
y=t—;t3,2=1-¢

Area = 2m foly (%)2 + (%)2 dt

t3)J4t2 + (1 —t2)2 dt

)
t3)\/4t2 +1—2t2+t4dt
ﬂmdt
)
)

t3

Il

N

S|

%
/\ /‘\ /(_T\ /\ /\
wlr—k wlr—\ wl»—l w|>_x wlr—x

t3)(t*+ 1) dt

— 154t
3

— 3
_ano t+§t
1,14 1 6]
=2rt[—t +-t ——t]
2 6 18 g
1 1 1
AT

11
=2m(3)

. . d :
x=51n2t=(51nt)2,d—:=251ntcost
a .
y=coszt=(cost)z,d—i=—2costsmt
d dy\?
Area—27rf2 (x) (—y) dt
at at

= 2m [2 sin? ty/(2sintcost)? + (—2costsint)? dt

= 2m [2sin®t V2(2sintcost) dt after simplification

= 4V2 7 [Z costsin’ tdt

T

_ 4\/— [sm t]?

0

=427 (isin4 (g) - isin4 (0)
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= 42 (;-0)
=27
2
S=2T[f07TT'COSQ /r2+(2—;) do
ar _ .
i sin@

S=2m fon cos? 6+/cos? 6 + sin2 0 do
=2m fon cos? 0 do
=2r fon(cos 20 +1)d6
=2m Esin 20 + H]Z
=2n((0+2) = (0+0))

n 2
S=2m[2rcosb /rz + (Z—;) do

dr 0

s=e

S = 2nf0§e9c059\/md9
= 27tf(?e9 cos 0V2e29d0
=2m fgee cos 62Ve20do
= 2im fogeg cos 0 (e?)do

R
= 227 [2e*® cos 6 df

T
Let] = fOZ e?% cos 0 df and use integration by parts
d
Letu = eza,d—z = 2e2% du = 2e2% do
dv .
Letg = —cosf,v =-sin0

I=[2e* cos6do

=e?%sinf — [2e?°sin6 db
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Repeat integration by parts to evaluate [ 2e2% sin 8 df giving
=e?0s5in@ +2e*° cos @ — [4e?® cos 0 do
=e?s5in0 +2e*° cos — 4 [e?® cos 6 d

=e295in0 + 2e%% cos 6 — 41

e20 .
So,I = —(sinf + 2cos )
5

S=2m[2ecos 0+ e?® +e20do
3
= 221 [2 %% cos 0 df

3 20 z
= 2271 [e— (sinf + 2 cos 9)]2
5 0

3

=22 (em - 2)
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