
 

 

The Chain Rule & Advanced Techniques 
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The Chain Rule 
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Exponential & Logarithmic Functions 

Implicit Differentiation 

 

The Chain Rule 

Q1) a) 𝑓(𝑥) = (𝑥 + 4)3 

            𝑓′(𝑥) = 3(𝑥 + 4)2 

 

       b) 𝑓(𝑥) = 3(𝑥 + 1)5 

            𝑓′(𝑥) = 15(𝑥 + 1)4 

        c) 𝑓(𝑥) = (𝑥 − 2)−3 

            𝑓′(𝑥) = −3(𝑥 − 2)−4 

   

       d) 𝑓(𝑥) = 4(𝑥 + 2)−2 

            𝑓′(𝑥) = −8(𝑥 + 2)−3 

Q2) a) 𝑓(𝑥) = (3𝑥 + 2)3 

             𝑓′(𝑥) = 3(3𝑥 + 2)2 ∙ 3 

                         = 9(3𝑥 + 2)2 

 

       b) 𝑦 = 2(2𝑥 − 5)6 

            
𝑑𝑦

𝑑𝑥
= 12(2𝑥 − 5)5 ∙ 2 

                 = 24(2𝑥 − 5)5 

        c) 𝑓(𝑥) = (4𝑥 − 3)−2 

            𝑓′(𝑥) = −2(4𝑥 − 3)−3 ∙ 4 

                        = −8(4𝑥 − 3)−3 

 

      d) 𝑔(𝑥) = 2(1 − 3𝑥)2 

           𝑔′(𝑥) = 4(1 − 3𝑥) ∙ −3          

                       = −12(1 − 3𝑥) 

Q3) a) 𝑓(𝑥) = (4𝑥 − 4)
1

2 

            𝑓′(𝑥) =
1

2
(4𝑥 − 4)−

1

2 ∙ 4 

                       = 2(4𝑥 − 4)−
1

2 

      b) 𝑓(𝑥) = 3(2𝑥 + 5)−
1

3 

           𝑓′(𝑥) = −(2𝑥 + 5)−
4

3 ∙ 2 

                      = −2(2𝑥 + 5)−
4

3 

 



 

         

         c) 𝑔(𝑥) = √(2 − 4𝑥)3 

                        = (2 − 4𝑥)
3

2 

             𝑔′(𝑥) =
3

2
(2 − 4𝑥)

1

2 ∙ −4 

                         = −6(2 − 4𝑥)
1

2 

 

      d) ℎ(𝑥) = √(
1

2
𝑥2 − 5)34

 

                     = (
1

2
𝑥2 − 5)

3

4 

         ℎ′(𝑥) =
3

4
(

1

2
𝑥2 − 5)−

1

4 ∙ 𝑥 

                     =
3

4
𝑥(

1

2
𝑥2 − 5)−

1

4 

 

Second Derivatives  

Q1) a) 𝑦 = 12𝑥2 + 3𝑥 + 8  

 
𝑑𝑦

𝑑𝑥
= 24𝑥 + 3 

 
𝑑2𝑦

𝑑𝑥2 = 24 

       b) 𝑦 = 15𝑥 + 6 +
3

𝑥
 

            
𝑑𝑦

𝑑𝑥
= 15 − 3𝑥−2 

            
𝑑2𝑦

𝑑𝑥2 = 6𝑥−3 

       

        c) 𝑦 = 9√𝑥 −
3

𝑥2 = 9𝑥
1

2 

             
𝑑𝑦

𝑑𝑥
=

9

2
𝑥−

1

2 + 6𝑥−3 

             
𝑑2𝑦

𝑑𝑥2 = −
9

4
𝑥−

3

2 − 18𝑥−4 

       

       d) 𝑦 = (5𝑥 + 4)(3𝑥 − 2) 

       = 15𝑥2 + 2𝑥 − 8 

            
𝑑𝑦

𝑑𝑥
= 30𝑥 + 2  

            
𝑑2𝑦

𝑑𝑥2 = 30 

 

Exponential & Logarithmic Functions 

Q1) a) 𝑦 = 4𝑒7𝑥 

             
𝑑𝑦

𝑑𝑥
= 28𝑒7𝑥 

        b) 𝑦 = 𝑒−3𝑥−𝑥2
 

             
𝑑𝑦

𝑑𝑥
= (−3 − 2𝑥)𝑒−3𝑥−𝑥2

 

        c) 𝑦 = 𝑒1 − 𝑥 

            
𝑑𝑦

𝑑𝑥
= −𝑒1−𝑥 

        d) 𝑦 = 𝑒3𝑥 − 𝑒−3𝑥 

             
𝑑𝑦

𝑑𝑥
= 3𝑒3𝑥 + 3𝑒−3𝑥 

         

        e) 𝑦 = 𝑒√𝑥 = 𝑒𝑥
1
2  

             
𝑑𝑦

𝑑𝑥
=

1

2
𝑥−

1

2𝑒√𝑥 

         

        f) 𝑦 = 𝑒−𝑥2
 

            
𝑑𝑦

𝑑𝑥
= −2𝑥𝑒−𝑥2

 

  



 

Q2) a) 𝑦 = ln(2𝑥)     

             
𝑑𝑦

𝑑𝑥
=

2

2𝑥
 

 

        b) 𝑦 = ln(𝑥3) 

             
𝑑𝑦

𝑑𝑥
=

3𝑥2

𝑥3  

        c) 𝑦 = ln(5𝑥 − 2𝑥2) 

             
𝑑𝑦

𝑑𝑥
=

5 − 4𝑥

5𝑥 − 2𝑥2 

 

        d) 𝑦 = ln( 
1

𝑥
 ) = ln(𝑥−1) 

             
𝑑𝑦

𝑑𝑥
=

−𝑥−2

𝑥−1 = −
1

𝑥
 

Q3) a) 𝑦 = ln(𝑒𝑥2
) 

             
𝑑𝑦

𝑑𝑥
=

2𝑥𝑒𝑥2

𝑒𝑥2 = 2𝑥 

        

        b) 𝑦 = ln(3 + 𝑒2𝑥) 

             
𝑑𝑦

𝑑𝑥
=

2𝑒2𝑥

3 + 𝑒2𝑥 

Implicit Differentiation 

Q1) a) 𝑥2 + 𝑦3 = 2 

             2𝑥 + 3𝑦2 𝑑𝑦

𝑑𝑥
= 0 

 3𝑦2 𝑑𝑦

𝑑𝑥
= −2𝑥 

 
𝑑𝑦

𝑑𝑥
= −

2𝑥

3𝑦2 

 

       b) 𝑥2 + 5𝑦2 = 14 

            2𝑥 + 10𝑦
𝑑𝑦

𝑑𝑥
= 0 

            10𝑦
𝑑𝑦

𝑑𝑥
= −2𝑥 

             
𝑑𝑦

𝑑𝑥
=

−2𝑥

10𝑦
= −

𝑥

5𝑦
 

        c) 𝑦3 + 3𝑥2𝑦 − 4𝑥 = 0 

             Using the product rule to give 

             3𝑦2 𝑑𝑦

𝑑𝑥
+ 3𝑥2 𝑑𝑦

𝑑𝑥
+ 𝑦(6𝑥) − 4 = 0       

             (3𝑦2 + 3𝑥2)
𝑑𝑦

𝑑𝑥
= 4 − 6𝑥𝑦 

              
𝑑𝑦

𝑑𝑥
=

4 − 6𝑥𝑦

3(𝑦2 + 𝑥2)
 

 

        d) (𝑥 − 𝑦)4 = 𝑥 + 𝑦 + 5 

             Using the chain rule to give 

             4(𝑥 − 𝑦)3 (1 −
𝑑𝑦

𝑑𝑥
) = 1 +

𝑑𝑦

𝑑𝑥
                 

             4(𝑥 − 𝑦)3 − 4(𝑥 − 𝑦)3 𝑑𝑦

𝑑𝑥
= 1 +

𝑑𝑦

𝑑𝑥
 

             4(𝑥 − 𝑦)3 − 1 =
𝑑𝑦

𝑑𝑥
+ 4(𝑥 − 𝑦)3 𝑑𝑦

𝑑𝑥
 

             4(𝑥 − 𝑦)3 − 1 = (1 + 4(𝑥 − 𝑦)3)
𝑑𝑦

𝑑𝑥
 

              
𝑑𝑦

𝑑𝑥
=

4(𝑥 − 𝑦)3−1

1 + 4(𝑥 − 𝑦)3 



 

     e) 𝑒𝑥𝑦 = 𝑥𝑒𝑦 

          Using the product rule to give 

          𝑒𝑥 𝑑𝑦

𝑑𝑥
+ 𝑦𝑒𝑥 = 𝑥𝑒𝑦 𝑑𝑦

𝑑𝑥
+ 𝑒𝑦 

          𝑒𝑥 𝑑𝑦

𝑑𝑥
− 𝑥𝑒𝑦 𝑑𝑦

𝑑𝑥
= 𝑒𝑦 − 𝑦𝑒𝑥 

          (𝑒𝑥 − 𝑥𝑒𝑦)
𝑑𝑦

𝑑𝑥
= 𝑒𝑦 − 𝑦𝑒𝑥 

           
𝑑𝑦

𝑑𝑥
=

𝑒𝑦 − 𝑦𝑒𝑥

𝑒𝑥  − 𝑥𝑒𝑦 

 

     f) √𝑥𝑦 + 𝑥 + 𝑦2 = 0 

         𝑥
1

2𝑦
1

2 + 𝑥 + 𝑦2 = 0 

         Using the product rule to give 

         
1

2
𝑥−

1

2𝑦
1

2 +
1

2
𝑦−

1

2
𝑑𝑦

𝑑𝑥
(𝑥

1

2) + 1 + 2𝑦
𝑑𝑦

𝑑𝑥
= 0 

         
1

2
𝑦−

1

2
𝑑𝑦

𝑑𝑥
(𝑥

1

2) + 2𝑦
𝑑𝑦

𝑑𝑥
= −1 −

1

2
𝑥−

1

2𝑦
1

2 

         
√𝑥

2√𝑦

𝑑𝑦

𝑑𝑥
+ 2𝑦

𝑑𝑦

𝑑𝑥
= −1 − √𝑦

√𝑥
 

         (
√𝑥

2√𝑦
+ 2𝑦)

𝑑𝑦

𝑑𝑥
= −1 − √𝑦

√𝑥
 

          
𝑑𝑦

𝑑𝑥
= −

1 + 
√𝑦

√𝑥

√𝑥

2√𝑦
 + 2𝑦

 

 

 


