Solutions

The Equation of a Tangent to a Curve
Increasing & Decreasing Functions

Determining Local Extrema of a Function

The Equation of a Tangent to a Curve
f(x) =2x*+x—3atx=2
fl(x)=4x+1
'@ =9
So, the gradient of the tangentat x = 2is 9
f(x) =—=3x?+7atx = -2
f'(x) = —6x
f'(=2)=12
So, the gradient of the tangentat x = —2is 12

f(x)=x2+4x—4atx:§

fl(x) =2x+4
(1 _
f(3)=5
So, the gradient of the tangent at x = %is 5
f(x) =x3+5x—6atx =—1
f'(x) =3x*+5
f'(=1) =8

So, the gradient of the tangentat x = —1is 8
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y=x*+3x+6
Let f(x) =x*+3x+6

f'(x)=2x+3

f)=5
So, the gradient of the tangentat x = 1is 5
Using y — b = m(x — a) we have
y—10=5(x—-1)
y—10=5x-5

y=5x4+5

y=x+§=x+x'1

Let f(x) =x +x71

fl)=1-x2=1-—

x2

3

@)=+

4
: . 3
So, the gradient of the tangentat x = 2 is "

Using y — b = m(x — a) we have

5 3
y—5=,(&=2)
3,8
4

2
_>_
y—3= 4
y=%x+1
1
y=4\/’_;=4x2
1
Let f(x) = 4x2
2

f(x) = 207z = "

IHOES
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So, the gradient of the tangentat x = 9 is%
Usingy — b = m(x — a) we have
y—12==2(x—9)

y—12=2x—6

y=§x+6

_ U e
y—cosxat(6,2)
Let f(x) = cosx
f'(x) = —sinx
"(E) = —sin®= -1
f(s)_ Sy 2
So, the gradientofthetangentatx=%is—%

Usingy — b = m(x — a) we have

V3 1 74
2 2 12
2 12 2

my guy.com



Increasing & Decreasing Functions
flx) =x3—2x>+6x+3
f'(x) =3x*—4x+6
fra=5s

Since f'(1) > 0, the function is increasing at x = 1

flx) =2x3+x*—-8x—1
f'(x) =6x*+2x—38
f'(=1)=-4

Since f'(—1) < 0, the function is decreasing at x = —1

f(x) =x*—2x3—2x%? -3 whenx =2
f'(x) = 4x3 — 6x% — 4x
F2)=0

Since f'(2) = 0, the function is stationary at x = 0

f(x) =6x —x*
f'(x) =6—4x3
£1(=2) = 40

Since f'(—2) > 0, the function is increasing at x = —2

_,2_3
F) =27 -2
=x2-3x"1
f'(x) =2x+3x72
3
= 2x +;
f'(=1)=-2

Since f'(—1) < 0, the function is decreasing at x = —2
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Determining Local Extrema of a Function

f(x) =2x*+3 g(x)=%x3—x+2
o) = 4x g'(x)=3x2-1
For SP’s f'(x) = 0 2
Ax =0 ForSP’s g'(x) =0
x =0 Sxt = 1=

%xz =1

x? = %, x =+ %
h(x) =x3—2x>+x-5 f(x) =x3—3x%—24x+ 10
h'(x) = 3x% —4x +1 f'(x) = 3x% — 6x — 24
For SP’sh’'(x) =0 For SP’s f'(x) =0
3x2—4x+1=0 3x2—6x—24=0
Bx—-DHx-1)=0 x> —2x—8=0
r=lx=1 (x—H(x+2)=0

x=-2,x=4
flx) =2x*—12
F) = 8
For SP’s f'(x) =0
8x3 =0

x=0
Whenx =0,y = —12
Stationary Pointis at (0, —12)
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f(x) =4x

flix) =4

Since the derivative is a constant there are no stationary points. This
makes sense because the function, 4x, is a straight line which has no

stationary points.

Whenx=1,y=1+%=2
Whenx=—1,y=—1+_i1=—2

Stationary points are (1,2) and (—1, —2)

1
y=x—3Vx =x—3x2

d 3 -1 3
—y=1—5x 2=1—-——

dx 24/x

For SP’s & = 0
dx
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9 9 9
V—z—3\/;——z

: L 9 9
Stationary points is at (Z ,— Z)

y=§x3—2x2+3x—1

L — 2 _4x+3
dx

x*—4x+3=0
x—3)x—1)=0
x=1,x=3

Z13-2:1243-1-1=1

Whenx=1,y=3 .

Whenx =3,y = (5-3%) - (2-3%)+ (3-3) -1 =1

Stationary points are at (1, %) and (3,—1)

X 0 1 2 3 4
dy
- - 0 0 —

swape | ~|__ |~

So, (1,5) is a maximum turning point and (3, —1) is a minimum turning

point.

y=x3-2x*—-4x+1

L~ 3x2 —4x —4
dx

. .. d
For stationary points d—i’ =0
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3x2—4x—4=0

Bx+2)(x—2)=0

x=-15x=2

Whenx = -1.5,y=153—-(2-15%) - (4-15)+1=-6.13
Whenx =2,y=23-(2:2)-(4-2)+1=-7

Stationary points are at (—1.5, —6.13) and (2, —7)

X —2 —-1.5 1 2 3
dy
- - 0 0 -

shape | ~.__ |~

So, (—1.5,—6.13) is a maximum turning point and (2,—7) is a

minimum turning point.

y=2+5x—x%—x3

L — 5 2x — 3x2
dx

For stationary points % =0
5—2x—3x2=0
3x2+2x—-5=0
Bx+5x—-1)=0

5

x=—,x=1
3

When x = —S,y =2+ (5 : —g) - (—2)2 - (—2)3 = 13.7

Whenx=1,y=2+(5-1)—-12-13=5

Stationary points are at (—g, 13.7) and (1,5)
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X —2 —= 0 1 2

dy
o 0 + 0

Shape \ / — \

So, (—g, 13.7) is a minimum turning point and (1, 5) is a maximum

turning point.

y=x>(x—2)
y =x*—2x3

L = 4x3 — 6x2

dx

. . dy
For stationary points = 0
4x3 —6x2 =0

2x?(2x —3) =0
x=0,x=15
Whenx =0,y =0*-2-03=0

When x = 1.5,y = 1.5% = 2-1.53 = —1.69

Stationary points are at (0,0) and (1.5, —1.69)

X -1 0 1 1.5 2
dy . _
I 0 0 +

Shape \ _— \ L /

(0,0) is a falling point of inflection and (1.5, —1.69) is a minimum T.P.
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y = 4x? + 6x
dy
E—8x+6

: ... d
For stationary points % =0

8x+6=0
8x = —6,x = —>
4
2
Whenx = -2 &2 =3
4" dx?

) d? . . . )
Since d—xf > 0, the point is a minimum turning point.

y=x(x?—4x—3) =x3 —4x? — 3x

Y —3x2—8x -3
dx

For stationary points % =0
3x2—8x—-3=0
Bx+1Dx-3)=0
1
X=—-—-, XxX=
3
2
Y — 6x —8
X
2y
Whenx = —-—-,— = —-10

) d? .. . ) )
Since d—x}; < 0, the point is a maximum turning point

2
When x = 3,d—32] =10
dx

. d? L . . .
Since d_xJZ/ > 0, the point is a minimum turning point
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y = x* —12x?

L~ 4x3 — 24x
dx

: .. d
For stationary points d—z =0

4x3 —24x =0

4x(x*—-6) =0
x=0,x=i\/g
LY = 1242~ 24

2
When x = O,d—z = —24
dx

) d? o . . .
Since =2 < 0, the point is a maximum turning point
dx?

2
When x = ix/&% = 12(6) — 24 = 48

. d? . . . .
Since £y > 0, these points are minimum turning points
dx?

—=-x2—3x 2
dx 2
. . dy
For stationary points = 0
1 1
-xz2—3x 2=
3 1 3
x2
3
-x=3
2
3x=6x=2
3
d’y 3 -1 373
—— =—-Xx 2 + —_
dx? 4 2
When x = 2
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d’y 3 n 3
dx?2 42 42

. d? . . . .
Since =2 > 0, the point is a minimum turning point
dx?

y = x* — 32x?

L~ 4x3 — 64x
dx

For stationary points % =0
4x3 —64x =0

4x(x* —16) =0
4x(x+4)(x—4)=0

X =—40 4
2
Y — 12x2 — 64
dx?
2
When x = —4,%2 = 128
dx

) d? . . . .
Since £y > 0, the point 1s a minimum turning point
dx?

2
When x = O,d—z = —64
dx
2

. d _ : : :
Since d_szl < 0, the point is a maximum turning point

2

2
When x = 4, £ = 128
dx

. d? L . . .
Since =2 > 0, the point is a minimum turning point
dx?

fx) =x3—-2x*+x—-5-2<x<1
fl(x) =3x*—4x+1

For stationary points f'(x) = 0, giving
3x2—4x+1=0
Bx—1Dx-1)=0

x==-,x=1

[SSE N
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F@) =& -2(0) +1-5=—4s5
f(1)=1>-2(1)*4+1-5=-5
f(=2)=(-2)%-2(-2)*-2-5=-23

So, the greatest value is —4.85 and the least value is —23

f(x) =x3—3x2—-24x+10,-1<x<6
f'(x) = 3x% — 6x — 24
For stationary points f'(x) = 0, giving
3x2—6x—24=0

x2—=2x—8=0

x—4)(x+2)=0

x=-2,x=4
£(=2) = (=2)% —3(=2)2 — 24(—2) + 10 = 38
f(=1) = (=1)3 = 3(=1)2 — 24(—1) + 10 = 30
f(4) = 43 —3(42) — 24(4) + 10 = —70
£(6) = 63 —3(6%) — 24(6) + 10 = —26

So, the maximum value is 38 and the minimum value is —70

gx) =6x?>+3x+2,-5<x<5
g'(x)=12x+3
For stationary points g'(x) = 0, giving

12x+3 =0
1

X =—-
4

g(-3)=6(-D%+3(-3)+2=1625

g(=5) = 6(=5)% +3(=5) +2 = 137
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So, the maximum value is 167 and the minimum value is 137

g(5) =6(5)>+3(5) +2 =167

fxX)=x3(x—2),-1<x<4
= x3 — 2x?
f'(x) = 3x% —4x
For stationary points f'(x) = 0, giving
3x2—4x =0
x(3x—4)=0

4
x=0x=-
3
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