
 

Solutions 
 

The Equation of a Tangent to a Curve 

Increasing & Decreasing Functions 

Determining Local Extrema of a Function 

 

The Equation of a Tangent to a Curve 

Q1) a) 𝑓(𝑥) = 2𝑥2 + 𝑥 − 3 at 𝑥 = 2 

           𝑓′(𝑥) = 4𝑥 + 1 

           𝑓′(2) = 9 

           So, the gradient of the tangent at 𝑥 = 2 is 9 

       b) 𝑓(𝑥) = −3𝑥2 + 7 at 𝑥 = −2 

          𝑓′(𝑥) = −6𝑥 

          𝑓′(−2) = 12 

          So, the gradient of the tangent at 𝑥 = −2 is 12 

       c) 𝑓(𝑥) = 𝑥2 + 4𝑥 − 4 at 𝑥 =
1

2
 

          𝑓′(𝑥) = 2𝑥 + 4 

          𝑓′ (
1

2
) = 5 

          So, the gradient of the tangent at 𝑥 =
1

2
 is 5 

      d) 𝑓(𝑥) = 𝑥3 + 5𝑥 − 6 at 𝑥 = −1 

         𝑓′(𝑥) = 3𝑥2 + 5 

         𝑓′(−1) = 8 

         So, the gradient of the tangent at 𝑥 = −1 is 8 

 

 

 

 



 

 

Q2) a) 𝑦 = 𝑥2 + 3𝑥 + 6  

           Let 𝑓(𝑥) = 𝑥2 + 3𝑥 + 6 

                 𝑓′(𝑥) = 2𝑥 + 3 

                 𝑓′(1) = 5 

           So, the gradient of the tangent at 𝑥 = 1 is 5 

           Using 𝑦 − 𝑏 = 𝑚(𝑥 − 𝑎) we have  

           𝑦 − 10 = 5(𝑥 − 1) 

           𝑦 − 10 = 5𝑥 − 5 

                     𝑦 = 5𝑥 + 5 

 

        b) 𝑦 = 𝑥 +
1

𝑥
= 𝑥 + 𝑥−1 

           Let 𝑓(𝑥) = 𝑥 + 𝑥−1 

      𝑓′(𝑥) = 1 − 𝑥−2 = 1 −
1

𝑥2 

                 𝑓′(2) =
3

4
 

           So, the gradient of the tangent at 𝑥 = 2 is 
3

4
 

           Using 𝑦 − 𝑏 = 𝑚(𝑥 − 𝑎) we have 

 𝑦 −
5

2
=

3

4
(𝑥 − 2) 

 𝑦 −
5

2
=

3

4
𝑥 −

6

4
 

           𝑦 =
3

4
𝑥 + 1 

 

       c) 𝑦 = 4√𝑥 = 4𝑥
1

2 

          Let 𝑓(𝑥) = 4𝑥
1

2 

                 𝑓′(𝑥) = 2𝑥−
1

2 =
2

√𝑥
 

                 𝑓′(9) =
2

3
 



 

       

         So, the gradient of the tangent at 𝑥 = 9 is 
2

3
 

          Using 𝑦 − 𝑏 = 𝑚(𝑥 − 𝑎) we have 

          𝑦 − 12 =
2

3
(𝑥 − 9)  

          𝑦 − 12 =
2

3
𝑥 − 6 

          𝑦 =
2

3
𝑥 + 6 

 

       d) 𝑦 = cos 𝑥 at (
𝜋

6
,

√3

2
) 

          Let 𝑓(𝑥) = cos 𝑥 

                𝑓′(𝑥) = − sin 𝑥 

               𝑓′ (
𝜋

6
) = − sin

𝜋

6
= −

1

2
 

          So, the gradient of the tangent at 𝑥 =
𝜋

6
 is −

1

2
 

          Using 𝑦 − 𝑏 = 𝑚(𝑥 − 𝑎) we have 

          𝑦 −
√3

2
= −

1

2
(𝑥 −

𝜋

6
) 

          𝑦 −
√3

2
= −

1

2
𝑥 +

𝜋

12
 

                   𝑦 = −
1

2
𝑥 +

𝜋

12
+

√3

2
 

 

 

 

 

 

 

 

 

 



 

 

Increasing & Decreasing Functions 

Q1) a) 𝑓(𝑥) = 𝑥3 − 2𝑥2 + 6𝑥 + 3  

           𝑓′(𝑥) = 3𝑥2 − 4𝑥 + 6 

           𝑓′(1) = 5 

           Since 𝑓′(1) > 0, the function is increasing at 𝑥 = 1 

 

      b) 𝑓(𝑥) = 2𝑥3 + 𝑥2 − 8𝑥 − 1  

          𝑓′(𝑥) = 6𝑥2 + 2𝑥 − 8 

          𝑓′(−1) = −4 

          Since 𝑓′(−1) < 0, the function is decreasing at 𝑥 = −1 

 

       c) 𝑓(𝑥) = 𝑥4 − 2𝑥3 − 2𝑥2 − 3 when 𝑥 = 2 

          𝑓′(𝑥) = 4𝑥3 − 6𝑥2 − 4𝑥 

          𝑓′(2) = 0 

          Since 𝑓′(2) = 0, the function is stationary at 𝑥 = 0 

 

      d) 𝑓(𝑥) = 6𝑥 − 𝑥4  

         𝑓′(𝑥) = 6 − 4𝑥3 

         𝑓′(−2) = 40 

         Since 𝑓′(−2) > 0, the function is increasing at 𝑥 = −2 

 

Q2) 𝑓(𝑥) = 𝑥2 −
3

𝑥
 

                 = 𝑥2 − 3𝑥−1 

       𝑓′(𝑥) = 2𝑥 + 3𝑥−2 

                   = 2𝑥 +
3

𝑥2 

       𝑓′(−1) = −2 

       Since 𝑓′(−1) < 0, the function is decreasing at 𝑥 = −2 



 

 

Determining Local Extrema of a Function 

Q1) a) 𝑓(𝑥) = 2𝑥2 + 3 

           𝑓′(𝑥) = 4𝑥 

           For SP’s 𝑓′(𝑥) = 0 

           4𝑥 = 0 

              𝑥 = 0 

 

        

     b) 𝑔(𝑥) =
1

2
 𝑥3 − 𝑥 + 2      

         𝑔′(𝑥) =
3

2
𝑥2 − 1 

         For SP’s 𝑔′(𝑥) = 0 

         
3

2
𝑥2 − 1 = 0 

                 
3

2
𝑥2 = 1 

                   𝑥2 =
2

3
,  𝑥 = ±√

2

3
 

 

       

       c) ℎ(𝑥) = 𝑥3 − 2𝑥2 + 𝑥 − 5 

          ℎ′(𝑥) = 3𝑥2 − 4𝑥 + 1 

          For SP’s ℎ′(𝑥) = 0 

          3𝑥2 − 4𝑥 + 1 = 0 

          (3𝑥 − 1)(𝑥 − 1) = 0 

           𝑥 =
1

3
, 𝑥 = 1 

 

    d) 𝑓(𝑥) = 𝑥3 − 3𝑥2 − 24𝑥 + 10 

       𝑓′(𝑥) = 3𝑥2 − 6𝑥 − 24 

       For SP’s 𝑓′(𝑥) = 0 

       3𝑥2 − 6𝑥 − 24 = 0 

            𝑥2 − 2𝑥 − 8 = 0 

       (𝑥 − 4)(𝑥 + 2) = 0 

                 𝑥 = −2, 𝑥 = 4 

 
Q2) a) 𝑓(𝑥) = 2𝑥4 − 12 

           𝑓′(𝑥) = 8𝑥3 

           For SP’s 𝑓′(𝑥) = 0 

           8𝑥3 = 0 

                𝑥 = 0 

           When 𝑥 = 0, 𝑦 = −12 

           Stationary Point is at (0, −12) 

 



 

        

       b) 𝑓(𝑥) = 4𝑥 

          𝑓′(𝑥) = 4 

          Since the derivative is a constant there are no stationary points. This  

          makes sense because the function, 4𝑥, is a straight line which has no  

          stationary points.  

 

       c) 𝑦 = 𝑥 +
1

𝑥
= 𝑥 + 𝑥−1  

          
𝑑𝑦

𝑑𝑥
= 1 − 𝑥−2  

          For SP’s 
𝑑𝑦

𝑑𝑥
= 0 

          1 − 𝑥−2 = 0 

          𝑥2 = 1 

            𝑥 = ±1 

          When 𝑥 = 1, 𝑦 = 1 +
1

1
= 2 

          When 𝑥 = −1, 𝑦 = −1 +
1

−1
= −2 

          Stationary points are (1, 2) and (−1, −2) 

 

       d) 𝑦 = 𝑥 − 3√𝑥 = 𝑥 − 3𝑥
1

2 

          
𝑑𝑦

𝑑𝑥
= 1 −

3

2
𝑥−

1

2 = 1 −
3

2√𝑥
  

          For SP’s 
𝑑𝑦

𝑑𝑥
= 0 

          1 −
3

2√𝑥
= 0 

          
3

2√𝑥
= 1 

         √𝑥 =
3

2
, 𝑥 =

9

4
   

          When 𝑥 =
9

4
 



 

          𝑦 =
9

4
− 3√

9

4
= −

9

4
  

          Stationary points is at (
9

4
 , −

9

4
) 

  

Q3) a) 𝑦 =
1

3
𝑥3 − 2𝑥2 + 3𝑥 − 1 

           
𝑑𝑦

𝑑𝑥
= 𝑥2 − 4𝑥 + 3 

           𝑥2 − 4𝑥 + 3 = 0 

          (𝑥 − 3)(𝑥 − 1) = 0 

           𝑥 = 1, 𝑥 = 3 

           When 𝑥 = 1, 𝑦 =
1

3
∙ 13 − 2 ∙ 12 + 3 ∙ 1 − 1 =

1

3
 

           When 𝑥 = 3, 𝑦 = (
1

3
∙ 33) − (2 ∙ 32) + (3 ∙ 3) − 1 = −1 

           Stationary points are at (1,
1

3
) and (3, −1) 

 

 

𝑥 0 1 2 3 4 

𝑑𝑦

𝑑𝑥
 + 0 − 0 + 

𝑆ℎ𝑎𝑝𝑒      

 
         So, (1,

1

3
) is a maximum turning point and (3, −1) is a minimum turning  

         point. 

 

     b) 𝑦 = 𝑥3 − 2𝑥2 − 4𝑥 + 1 

         
𝑑𝑦

𝑑𝑥
= 3𝑥2 − 4𝑥 − 4 

         For stationary points 
𝑑𝑦

𝑑𝑥
= 0 



 

         3𝑥2 − 4𝑥 − 4 = 0 

         (3𝑥 + 2)(𝑥 − 2) = 0 

         𝑥 = −1.5, 𝑥 = 2 

         When 𝑥 = −1.5, 𝑦 = 1.53 − (2 ∙ 1.52) − (4 ∙ 1.5) + 1 = −6.13 

         When 𝑥 = 2, 𝑦 = 23 − (2 ∙ 22) − (4 ∙ 2) + 1 = −7  

         Stationary points are at (−1.5, −6.13) and (2, −7) 

 

        𝑥 −2 −1.5 1 2 3 

𝑑𝑦

𝑑𝑥
 + 0 − 0 + 

𝑆ℎ𝑎𝑝𝑒      

 
         So, (−1.5, −6.13) is a maximum turning point and (2, −7) is a  

         minimum turning point.  

 

      c) 𝑦 = 2 + 5𝑥 − 𝑥2 − 𝑥3 

          
𝑑𝑦

𝑑𝑥
= 5 − 2𝑥 − 3𝑥2 

          For stationary points 
𝑑𝑦

𝑑𝑥
= 0 

          5 − 2𝑥 − 3𝑥2 = 0 

          3𝑥2 + 2𝑥 − 5 = 0 

         (3𝑥 + 5)(𝑥 − 1) = 0 

          𝑥 = −
5

3
, 𝑥 = 1 

          When 𝑥 = −
5

3
, 𝑦 = 2 + (5 ∙ −

5

3
) − (−

5

3
)

2
− (−

5

3
)

3
= 13.7 

          When 𝑥 = 1, 𝑦 = 2 + (5 ∙ 1) − 12 − 13 = 5 

          Stationary points are at (−
5

3
, 13.7) and (1, 5) 

 



 

 

        𝑥 −2 −
5

3
 0 1 2 

𝑑𝑦

𝑑𝑥
 − 0 + 0 − 

𝑆ℎ𝑎𝑝𝑒 
   

  

 

         So, (−
5

3
, 13.7) is a minimum turning point and (1, 5) is a maximum  

         turning point.  

 

     d) 𝑦 = 𝑥3(𝑥 − 2) 

         𝑦 = 𝑥4 − 2𝑥3 

         
𝑑𝑦

𝑑𝑥
= 4𝑥3 − 6𝑥2 

         For stationary points 
𝑑𝑦

𝑑𝑥
= 0 

         4𝑥3 − 6𝑥2 = 0 

         2𝑥2(2𝑥 − 3) = 0 

         𝑥 = 0, 𝑥 = 1.5 

         When 𝑥 = 0, 𝑦 = 04 − 2 ∙ 03 = 0 

         When 𝑥 = 1.5, 𝑦 = 1.54 − 2 ∙ 1.53 = −1.69 

         Stationary points are at (0, 0) and (1.5, −1.69) 

 

        𝑥 −1 0 1 1.5 2 

𝑑𝑦

𝑑𝑥
 − 0 − 0 + 

𝑆ℎ𝑎𝑝𝑒   
   

 

           (0, 0) is a falling point of inflection and (1.5, −1.69) is a minimum T.P.  



 

             

Q4) a) 𝑦 = 4𝑥2 + 6𝑥 

           
𝑑𝑦

𝑑𝑥
= 8𝑥 + 6 

           For stationary points 
𝑑𝑦

𝑑𝑥
= 0 

           8𝑥 + 6 = 0  

           8𝑥 = −6, 𝑥 = −
3

4
 

           When 𝑥 = −
3

4
,  

𝑑2𝑦

𝑑𝑥2 = 8 

           Since 
𝑑2𝑦

𝑑𝑥2
> 0, the point is a minimum turning point.  

 

        b) 𝑦 = 𝑥(𝑥2 − 4𝑥 − 3) = 𝑥3 − 4𝑥2 − 3𝑥 

           
𝑑𝑦

𝑑𝑥
= 3𝑥2 − 8𝑥 − 3  

           For stationary points 
𝑑𝑦

𝑑𝑥
= 0 

           3𝑥2 − 8𝑥 − 3 = 0 

           (3𝑥 + 1)(𝑥 − 3) = 0 

 𝑥 = −
1

3
, 𝑥 = 3 

           
𝑑2𝑦

𝑑𝑥2 = 6𝑥 − 8 

           When 𝑥 = −
1

3
,

𝑑2𝑦

𝑑𝑥2 =  −10 

 Since 
𝑑2𝑦

𝑑𝑥2 < 0, the point is a maximum turning point 

 When 𝑥 = 3,
𝑑2𝑦

𝑑𝑥2 = 10 

 Since 
𝑑2𝑦

𝑑𝑥2 > 0, the point is a minimum turning point 

 

 

 

   



 

 

        c) 𝑦 = 𝑥4 − 12𝑥2 

           
𝑑𝑦

𝑑𝑥
= 4𝑥3 − 24𝑥 

           For stationary points 
𝑑𝑦

𝑑𝑥
= 0 

           4𝑥3 − 24𝑥 = 0 

             4𝑥(𝑥2 − 6) = 0 

           𝑥 = 0, 𝑥 = ±√6  

           
𝑑2𝑦

𝑑𝑥2 = 12𝑥2 − 24 

           When 𝑥 = 0,
𝑑2𝑦

𝑑𝑥2 =  −24 

           Since 
𝑑2𝑦

𝑑𝑥2 < 0, the point is a maximum turning point 

           When 𝑥 = ±√6,
𝑑2𝑦

𝑑𝑥2
= 12(6) − 24 = 48 

           Since 
𝑑2𝑦

𝑑𝑥2 > 0, these points are minimum turning points 

 

       d) 𝑦 = 𝑥
1

2(𝑥 − 6) = 𝑥
3

2 − 6𝑥
1

2 

            
𝑑𝑦

𝑑𝑥
=

3

2
𝑥

1

2 − 3𝑥−
1

2  

          For stationary points 
𝑑𝑦

𝑑𝑥
= 0 

           
3

2
𝑥

1

2 − 3𝑥−
1

2 = 0 

           
3

2
𝑥

1

2 =
3

𝑥
1
2

 

           
3

2
𝑥 = 3 

           3𝑥 = 6, 𝑥 = 2  

           
𝑑2𝑦

𝑑𝑥2 =
3

4
𝑥−

1

2 +
3

2

−
3

2  

           When 𝑥 = 2 



 

        
𝑑2𝑦

𝑑𝑥2 =
3

4√2
+

3

4√2
  

        Since 
𝑑2𝑦

𝑑𝑥2
> 0, the point is a minimum turning point 

 

Q4) 𝑦 = 𝑥4 − 32𝑥2  

       
𝑑𝑦

𝑑𝑥
= 4𝑥3 − 64𝑥   

       For stationary points 
𝑑𝑦

𝑑𝑥
= 0 

       4𝑥3 − 64𝑥 = 0   

       4𝑥(𝑥2 − 16) = 0 

       4𝑥(𝑥 + 4)(𝑥 − 4) = 0 

       𝑥 = −4, 0, 4 

       
𝑑2𝑦

𝑑𝑥2 = 12𝑥2 − 64 

       When 𝑥 = −4,
𝑑2𝑦

𝑑𝑥2 = 128 

       Since 
𝑑2𝑦

𝑑𝑥2 > 0, the point is a minimum turning point 

       When 𝑥 = 0,
𝑑2𝑦

𝑑𝑥2 = −64 

       Since 
𝑑2𝑦

𝑑𝑥2
< 0, the point is a maximum turning point 

       When 𝑥 = 4,
𝑑2𝑦

𝑑𝑥2 = 128 

       Since 
𝑑2𝑦

𝑑𝑥2 > 0, the point is a minimum turning point 

 

Q5) a) 𝑓(𝑥) = 𝑥3 − 2𝑥2 + 𝑥 − 5, −2 ≤ 𝑥 ≤ 1 

           𝑓′(𝑥) = 3𝑥2 − 4𝑥 + 1 

           For stationary points 𝑓′(𝑥) = 0, giving  

           3𝑥2 − 4𝑥 + 1 = 0 

          (3𝑥 − 1)(𝑥 − 1) = 0 

           𝑥 =
1

3
, 𝑥 = 1 



 

 

          𝑓 (
1

3
) = (

1

3
)3 − 2 (

1

3
)

2
+

1

3
− 5 = −4.85 

          𝑓(1) = 13 − 2(1)2 + 1 − 5 = −5 

          𝑓(−2) = (−2)3 − 2(−2)2 − 2 − 5 = −23 

          So, the greatest value is −4.85 and the least value is −23 

 

      b) 𝑓(𝑥) = 𝑥3 − 3𝑥2 − 24𝑥 + 10, −1 ≤ 𝑥 ≤ 6 

         𝑓′(𝑥) = 3𝑥2 − 6𝑥 − 24 

         For stationary points 𝑓′(𝑥) = 0, giving  

         3𝑥2 − 6𝑥 − 24 = 0 

              𝑥2 − 2𝑥 − 8 = 0 

   

         (𝑥 − 4)(𝑥 + 2) = 0 

                   𝑥 = −2, 𝑥 = 4 

         𝑓(−2) = (−2)3 − 3(−2)2 − 24(−2) + 10 = 38 

         𝑓(−1) = (−1)3 − 3(−1)2 − 24(−1) + 10 = 30       

         𝑓(4) = 43 − 3(42) − 24(4) + 10 = −70 

         𝑓(6) = 63 − 3(62) − 24(6) + 10 = −26 

         So, the maximum value is 38 and the minimum value is −70 

 

      c) 𝑔(𝑥) = 6𝑥2 + 3𝑥 + 2, −5 ≤ 𝑥 ≤ 5 

         𝑔′(𝑥) = 12𝑥 + 3 

         For stationary points 𝑔′(𝑥) = 0, giving  

         12𝑥 + 3 = 0 

                      𝑥 = −
1

4
 

         𝑔 (−
1

4
) = 6(−

1

4
)2 + 3 (−

1

4
) + 2 = 1.625 

         𝑔(−5) = 6(−5)2 + 3(−5) + 2 = 137 



 

 

         𝑔(5) = 6(5)2 + 3(5) + 2 = 167 

         So, the maximum value is 167 and the minimum value is 137 

 

    d) 𝑓(𝑥) = 𝑥3(𝑥 − 2), −1 ≤ 𝑥 ≤ 4 

                  = 𝑥3 − 2𝑥2 

       𝑓′(𝑥) = 3𝑥2 − 4𝑥 

       For stationary points 𝑓′(𝑥) = 0, giving  

       3𝑥2 − 4𝑥 = 0 

       𝑥(3𝑥 − 4) = 0 

       𝑥 = 0, 𝑥 =
4

3
 

 


